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To expand the understanding of flow past and flow-induced vibrations of circular cylinders under 
complex flow conditions, extensive investigation through two- and three-dimensional numerical 
simulations are conducted in this thesis. The thesis starts with a two-dimensional numerical study to 
investigate the effect of a plane boundary on vortex-induced vibrations of circular cylinder both in 
transverse and inline direction subject to oscillatory flow. The effects of the gap between circular 
cylinder and plane boundary and Keulegan–Carpenter (KC) number on VIV are discovered. Next, the 
study is extended to investigate the effect of high-speed rotation on the vortex-induced vibration of the 
cylinder in the cross-flow direction subject to uniform flow using two-dimensional numerical 
simulations. The amplitude response is classified in to different regimes both as a function of reduced 
velocity and rotation rate. In order to better understand the dynamics of rotating cylinder, three-
dimensional numerical simulations are performed next for a range of high-speed rotation rates and 
Reynolds number from Re=100 to 500 under uniform flow conditions. The results of the study are 
presented in the form of map between rotation rate and Reynolds number identifying different flow 
structures as a function of rotation rate and Reynolds number.  A detailed analysis of flow structures 
is also presented in order to improve the understanding of the physics of the rotating cylinders. The 
study is further extended to three-dimensional numerical investigation of flow-induced vibrations of 
rotating circular cylinders at Re=500 in the cross-flow direction subject to uniform flow. It is found 
the rotation rate has significant effect on the ‘Lock-in’ regime as the rotation rate is increased. In 
addition, three-dimensional numerical simulations are carried out next to investigate the VIV around 
two circular cylinders in side-by-side arrangement to study the effect of gap ratio on the interference 
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Chapter One: Introduction 
1.1 Background 
Cylindrical structures such as risers and subsea pipelines are widely used for the transport of 
hydrocarbon products in the offshore oil and gas industry. These structures undergo cyclic 
hydrodynamic loading due to dynamic flow, which may lead to structural vibration, a major cause of 
structural failure. Therefore, it is very important to study the underlying mechanisms of flow-induced 
vibration (FIV) to improve the existing design standards used in the offshore industry. 
When a steady fluid flow past a flexible-mounted circular cylinder supported by spring-damper 
system, large amplitude of vibration occurs over a certain range of reduced velocities. The reduced 
velocity is the non-dimensional fluid velocity and is defined as 𝑉𝑟 =
𝑈
𝑓𝑛𝐷
 where U is the incoming 
velocity of flow, D is the diameter of the cylinder and fn is the natural frequency. Large amplitudes 
occur due to the synchronization between the vibration frequency and the fluid-induced force 
(Williamson and Govardhan, 2004). The mass ratio (the ratio of the cylinder mass to the displaced 
fluid mass) and damping coefficient were found to affect FIV. Because the vibration of cylindrical 
structures in fluid flow is mainly due to the vortex shedding flow, the FIV of these structures is 
generally called vortex-induced vibration (VIV).  
Many experimental and numerical studies have been performed to understand the dynamics of 
VIV in steady flow (Zhao and Cheng, 2011, Rahmanian et al., 2012), but VIV of circular cylinders 
subject to complex flows has received much less attention. In addition, very limited number of three-
dimensional numerical studies on FIV have been reported in literature due to the limitation of 
computational power.  
In the present study, VIV of circular cylinders subject to complex flows is studied using numerical 
method. A two-dimensional numerical study is first carried out in order to investigate the effect of a 
plane boundary on vortex-induced vibrations of circular cylinder both in transverse and inline direction 
subject to oscillatory flow. The practical significance of this study is in the laying of subsea pipelines 
where the pipeline is suspended above the seabed due to local erosion of sediment. In reality, such 
complex flows occur at very high Reynolds number. Due to the limitation of computational resources, 
a Reynolds number of 5000 is chosen for the numerical simulations to understand the fundamental 
mechanisms of such flows in the turbulent region. The aim of the study is to understand the effect of 
the gap between circular cylinder and plane boundary and Keulegan –Carpenter (KC) number on VIV. 
Next, the study is extended to investigate the effect of high-speed rotation on the vortex-induced 
vibration of the cylinder in transverse direction subject to uniform flow using two-dimensional 
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numerical simulations. A Reynolds number of 100 is chosen in this study in order to understand the 
fundamental flow physics of VIV of high-speed rotating cylinders in the laminar regime. The 
amplitude response is classified into different regimes both as a function of reduced velocity and 
rotation rate in this study.  
To better understand the dynamics of rotating cylinder, three-dimensional numerical simulations 
are performed next for a range of high-speed rotation rates and Reynolds number from Re=100 to 500 
under uniform flow conditions.  The Reynolds number from Re=100 to 500 are chosen for this study 
to understand the flow physics during transition from laminar to turbulent flow regimes. The results of 
the study are presented in the form of a map between rotation rate and Reynolds number for identifying 
different flow structures as a function of rotation rate and Reynolds number.  A detailed analysis of 
flow structures is also presented in order to improve the understanding of the physics of the rotating 
cylinders. The study is further extended by performing three-dimensional numerical investigation of 
flow-induced vibrations of rotating circular cylinders at Re=500 in transverse direction subject to 
uniform flow. It is found the rotation rate has significant effect on the ‘Lock-in’ regime as the rotation 
rate is increased. In addition, three-dimensional numerical simulations are carried out at Re=1000 next 
to investigate the VIV around two circular cylinders in side-by-side arrangement in order to study the 
effect of gap ratio on the interference between two cylinders.  
Due to the limitation of the computational resources and numerical methods, small Reynolds 
numbers in the laminar and lower end of the turbulent flow Regimes are chosen to ensure accurate 
solution can be achieved with affordable computational time. While the range of Reynolds number is 
this thesis is low for most engineering applications in subsea engineering, I believe that the results 
presented in the thesis can provide useful insight into the fundamental flow physics study which can 
later be extended to higher Reynolds number. 
 
1.2 Aims and Objectives 
VIV of a cylinder in uniform steady flow has been studied extensively both experimentally and 
numerically. However, cylindrical structures are often placed in complex flow conditions in 
engineering applications. It is important to understand the VIV of cylinders in complex flow 
conditions. The principal aim of this study is to find out fundamental mechanisms of FIV of cylindrical 
structures under various flow conditions using two- and three-dimensional numerical simulations. The 
study is divided into following objectives that are very much relevant to the offshore industry: 
1.  To understand the mechanisms of flow-induced vibrations (FIV) of circular cylinders close to 




2. To investigate the effect of high-speed rotation on the vortex-induced vibration of the cylinder 
in transverse direction subject to uniform flow in the secondary instability regime using 2-D 
numerical simulations. 
3. To study the detailed two- to three-dimensional transition of flow and classify flow structures 
for a high-speed rotating cylinder under uniform flow conditions using three-dimensional (3-
D) numerical simulations. 
4. To understand the effect of high-speed rotation on FIV of a rotating cylinder subject to uniform 
flow by conducting 3-D numerical simulations. 
5. To carry out a 3-D numerical investigation of two cylinders in side-side arrangement in uniform 
flow. The interference between the two cylinders on the VIV is investigated.   
 
1.3 Research Methodology 
This thesis presents a systematic numerical study to investigate the flow-induced vibration of 
circular cylinders and understand the underlying physics of complex flows. While the vibration 
equation of motion is solved using the fourth-order Runge-Kutta method, the key part of the numerical 
study of FIV is the simulation of the fluid flow. Both two-dimensional and three-dimensional 
numerical simulations are performed in this study. In the two-dimensional numerical simulations, the 
two-dimensional Reynolds-Averaged Navier-Stokes (RANS) equations are solved using the Petrov-
Galerkin finite element method (PG-FEM). The two-dimensional numerical models based on the 
RANS equations have proved to performed well in the simulation of flow-induced vibrations 
(Guilmineau and Queutey, 2002, Zhao et al., 2011).  
The flow around cylindrical structures are physically three-dimensional for Reynolds numbers in 
practical engineering due to the three-dimensional wake flow. To improve the understanding of the 
three-dimensionality of the flow, 3-D numerical simulations are preferable and are conducted in the 
present study. In the 3-D numerical studies, the three-dimensional Navier Stokes equations are solved 
using Arbitrary Langrangian-Eulerian (ALE) scheme and Petrov-Galerkin finite element method (PG-
FEM) for simulating the flow. In this thesis, in-depth 3-D numerical simulations are carried out to 
investigate dynamics of a rotating cylinder and VIV around two circular cylinders in side-by-side 
arrangement. The numerical model are based on the PG-FEM model and program code developed by 
Zhao et al. (2009).  
In the three-dimensional numerical simulations, parallel calculations are performed on the NSW 
Intersect supercomputer facilities. The supercomputer cluster of SCEM are used to develop and debug 
the parallel computation program code. Detailed numerical method for each case is presented in each 
individual chapter.  
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Chapter Two: Literature Review 
 In this chapter, a detailed literature review of vortex-induced vibration of circular cylinders in 
fluid flow will be presented. The literature review is divided into two sections: (1) Vortex shedding 
flow around circular cylinders; (2) Vortex-induced vibrations of circular cylinders. In addition to the 
detailed literature review presented in this chapter, literature relevant to the subsequent chapters will 
also be provided in their introduction section.  
 
2.1 Vortex shedding around stationary circular cylinders 
   Flow around circular cylinders has received a lot of attention in past decades due to its 
engineering importance in but not limited to the offshore oil and gas industry. In order to understand 
the physics of flow around bluff bodies, the problem of flow around cylindrical structures has been 
studied from different perspectives. Researchers have performed experimental, theoretical and 
numerical studies to investigate the dynamics of the flow around circular cylinders. In this section of 
the literature review, the flow around circular cylinders in steady flow will be presented first, followed 
by a discussion on oscillatory flow around circular cylinder. Finally, flow around rotating cylinders 
will be discussed at the end of this section. 
 
2.1.1 Steady flow 
   When a uniform stream of fluid flow past a circular cylinder, the behaviour of boundary layer 
flow generated from the cylinder surface depends on the Reynolds number. The shear layers are formed 
and the adverse pressure gradient imposed by the divergent geometry of the circular cylinder at the 
rear side of the cylinder results in the separation of boundary layers (Gerrard, 1966, Sumer and Fredsøe, 
1997). The boundary layer formed along the top side of the cylinder contains significant amount of 
vorticity. This vorticity is transferred into the shear layer formed downstream of the separation point 
and causes the shear layer to roll up and form a vortex with sign identical to the incoming vorticity.  In 
this way, the wakes are generated behind the cylinder both from top and bottom sides of the cylinder 
alternatively as shown in Figure 2.1. The wake flow patterns are dependent upon the Reynolds number. 
Whether the wake flow is laminar or turbulent also depends on the Reynolds number. The Reynolds 
number is defined as: 
                                                             𝑅𝑒 = 𝐷𝑈
𝜈
         (2.1) 
where D, U and ν are the diameter of the cylinder, the free-stream velocity and the kinematic viscosity 











Fig. 2.1: A sketch of vortex shedding from a circular cylinder in a fluid flow. (a) Prior to shedding of 
vortex A, vortex B is being drawn across the wake. (b) Prior to shedding of vortex B, vortex C is 
being drawn across the wake. (Reproduced from Sumer and Fredsøe, 2006) 
 
Wakes are observed as Reynolds number is greater than 5 and the flow separation starts to develop. 
For Reynolds number of up to 40, a fixed pair of symmetrical vortices is generated in the wake of the 
cylinder and the flow remains steady. As the Reynolds number is increased beyond 40, vortex shedding 
is observed in the wake of the cylinder (Williamson, 1989), but the flow remains laminar, forming a 
laminar wake flow. Figure 2.1 shows a schematic demonstration of the alternative vortex shedding 
from a circular cylinder in a uniform flow when Re>40. At Reynolds numbers greater than 40, the pair 
of vortices formed in the wake of cylinder becomes unstable, and when exposed to the small 
disturbances, one vortex grows larger than the other. The vorticity in the larger vortex A is in the 
clockwise direction while that in the smaller vortex B is in the anticlockwise direction. The larger 
vortex becomes strong enough to draw the opposite vortex across the wake. The approaching of the 
vorticity of the opposite sign cuts off further supply of vorticity to vortex A from its boundary layer, 
resulting in vortex A being shed from the cylinder. Being a free vortex, vortex A is convected 
downstream by the flow. Following the shedding of vortex A, a new vortex will be formed at the same 
side of the cylinder labelled as vortex C. Vortex B will now play the same role as vortex A and shed 
from the cylinder surface. This process of vortex shedding continues to occur in an alternate manner 
between the two sides of the cylinder (Sumer and Fredsøe 1997).  
 Extensive experimental and numerical research has been conducted to systematically study the 
transition of laminar to turbulent flow in the wake of circular cylinders (Zhao et al., 2013b; Thompson 
et al., 1996; Barkley and Henderson, 1996; Karniadakis and Triantafyllou, 1992; Hammache and 
Gharib,1991; Roshko, 1954b). Williamson (1996) presented a comprehensive review on steady and 
unsteady flow regimes in the wake of a circular cylinder as a function of Reynolds number. As the 
Reynolds number is increased beyond Re=40, flow in the wake of a circular cylinder becomes unsteady 
characterized by periodic shedding of vortices from the two sides of the cylinder, forming so-called 
von-Kármán vortex street. The wake flow remains two-dimensional until the Reynolds number 
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exceeds about Re=190, where the primary vortices in the wake of the cylinder begin to deform in to 
secondary three-dimensional vortices (Brede et al., 1996). These secondary vortices in the wake of the 
cylinder have a spanwise wavelength of around 3 to 4-cylinder diameters and is called mode A vortex 
shedding (Williamson and Roshko, 1988). As the Reynolds number is further increased to above 
Re=230-240, the three-dimensional wake flow transitions in to mode B, which is dominated by 
streamwise vortex pairs distributed along the cylinder span with a spacing of about one cylinder 
diameter (Wu et al., 1994, 1996a, 1996b). With further increase in Reynolds number, transition to 
turbulent wake takes place till Re=300 and the wake becomes completely turbulent at Reynolds number 
of 400 (Bloor, 1964). The normalised vortex shedding frequency in the wake of a cylinder known as 
Strouhal (St) number is defined as: 
                                                             𝑆𝑡 = 𝑓𝑣𝐷
𝑈
           (2.2) 
where fv is the frequency of the vortex shedding.  
Until 𝑅𝑒 = 3 × 105, the turbulence only occurs in the wake flow but not in the boundary layer. 
The Reynolds number range between 400 and 3×105 is called subcritical regime. With further increase 
in Re, transition to turbulence occurs in the boundary layer itself. The transition first takes place at the 
point where the boundary layer separates, and then the region of transition to turbulence moves 
upstream over the cylinder surface towards the stagnation point as Reynolds number is increased. In 
the narrow range of Reynolds number between 3 × 105 < 𝑅𝑒 < 3.5 × 105,  the boundary layer 
becomes turbulent at the separation point of one side of the cylinder, while it remains laminar on the 
other side. The flow asymmetry causes a non-zero mean lift on the cylinder in this range of Reynolds 
number. With a further increase in the Reynolds number up to 1.5 × 106, the boundary layer on one 
side becomes fully turbulent, while the boundary layer on the other side becomes partly laminar and 
partly turbulent. Finally, as the Reynolds number exceeds about 6105.4  , the boundary layer over the 
whole cylinder surface is virtually turbulent. The detailed review on the laminar and the turbulent 
vortex shedding flow regimes can be found in the monograph by Sumer and Fredsøe (1997).  
   It was further observed that the Strouhal number remains almost equal to 0.2 for Reynolds 
numbers in the subcritical flow regime, where the flow is laminar before separation and turbulent after 
separation of the boundary layers (Schewe, 1983). Due to vortex shedding, the pressure on the surface 
of the cylinder varies periodically leading to periodically oscillatory drag and lift forces on the cylinder 
surface. The lift force frequency is the same as the vortex shedding frequency, whereas the drag force 
frequency is twice the vortex shedding frequency. More detailed discussion on the vortex shedding 
frequency and the hydrodynamic forces can be found in Sumer and Fredsøe (1997). The lift force and 
the drag force coefficients are defined as: 
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        (2.3) 





       (2.4) 
respectively, where, FL and FD are the lift and the drag forces on a unit length of the cylinder, 
respectively, ρ is the density of water. 
 
2.1.2 Oscillatory flow 
In the offshore oil and gas engineering, cylindrical structures such as subsea pipelines are 
generally subject to waves or combined waves and current. The fluid velocity due to the wave motion 
is generally modelled as an oscillatory flow when hydrodynamics around small scale cylindrical 
structures is investigated. A non-dimensional number known as the Keulegan-Carpenter (KC) number 
is used to mathematically describe the oscillatory flow. The KC number is defined as: 
                 /mKC U T D=        (2.5) 
where Um is the velocity amplitude of the oscillatory flow and T is the period of the oscillatory flow. 
The flow pattern around a circular cylinder in an oscillatory flow is a function of both KC number and 
Reynolds number (Sumer and Fredsøe, 1997). Williamson (1985a) and Sarpkaya (1986) performed 
experimental investigations of oscillatory flow around a circular cylinder for a range of Reynolds 
number. When KC>1.1, there is no flow seperation and the flow is called creeping flow. Honji vortices 
are observed as the flow seperates from the cylinder surface in KC number range of 1.1<KC<1.6. 
Increasing KC number to 2.1 results in a pair of symmetric vortices being shed from behind the circular 
cylinder. For 2.1<KC<4, the pair of symmetric vortices become turbulent over the cylinder surface. 
Further increase in the KC number up till 7 results in a pair of assymetric vortices. Vortex shedding 
takes place for KC numbers greater than 7.  
In the range of KC number where vortex shedding occurs, Williamson (1985a) have identified 
several vortex shedding regimes based on the number of vortices that are shed from the cylinder during 
each half cycle of oscillatory motion. He classified the vortex shedding flow pattern single-pair, double 
pair, three pair and four pair flow patterns. For example, the KC number range between 7<KC<15 is 
known as the transverse-vortex-street regime in which single pair vortex is shed in each half cycle of 
the flow and is shed from only one side of the cylinder, forming a vortex street perpendicular to the 
flow direction (Bearman et al., 1979, 1981). Similarly, double-pair vortex are shed from the cylinder 
for KC number between 15<KC<24 and so on. Moreover, some refined studies have also focused on 
experimental investigation of the effect of Reynolds number on the flow regimes (Honji, 1981, 
Justesen, 1989, Sarpkaya, 1986, Williamson, 1985).  
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2.1.3 Flow around rotating cylinders 
It is well-known that if a cylinder in a flow rotates around its axis, the asymmetric wake flow leads 
to a net lift force acting on the cylinder due to the Magnus effect (Prandtl,1926). In addition to the 
Reynolds number, the rotation rate α, defined as the ratio of the rotating speed of the cylinder surface 
to the free stream velocity, has a significant effect on the wake flow and fluid force (Chang and Chern, 
1991). When a cylinder rotates at low rotation rates (α<2), the vortex street in the wake of the cylinder 
is similar to von-Kármán vortex street and the vortex shedding is called mode I shedding (Stojković et 
al. 2002, Pralits et al., 2010). As the rotation rate α is increased beyond 2, the vortex shedding in the 
wake of a rotating cylinder is fully suppressed (Diaz et al., 1983; Badr et al., 1990; Chew et al., 1995; 
Chou, 2000). Early studies on flow past a rotating cylinder were focused on the laminar flow regime 
(Tang and Ingham, 1991). Kang et al. (1999) investigated laminar flow past a rotating circular cylinder 
through numerical simulations and found that the critical α above which there was no vortex shedding 
increases with the increase in the Reynolds number. The critical rotation rates for Re = 60, 100, and 
160 were found to be about 1.4, 1.8, and 1.9, respectively. Moreover, for rotation rates lower than the 
critical rotation rate, the Strouhal number remains nearly independent on the rotation rate. 
In addition to the mode I vortex shedding, Stojković et al. (2002) were the first to find the existence 
of a second vortex shedding mode referred to as mode II shedding in the range of rotation rate of 
4.8≤α≤ 5.15 at Re = 100. The two-dimensional numerical study of Stojković et al. (2003) further 
confirmed the existence of this second mode in the Reynolds number range 60 ≤ Re ≤ 200. The second 
vortex shedding mode, also known as secondary instability regime, occurs over a narrow range of high 
rotation rate. In this regime, single-sided vortex shedding occurs with a period much longer than the 
vortex shedding period in mode I vortex shedding (Pralits et al., 2010). The oscillation amplitude of 
the lift coefficient increases considerably in the secondary instability regime. Mittal and Kumar (2003) 
and Lu et al. (2011) found that for Re = 200, the wake flow remains stable for rotation rates in the 
range of 1.91≤α≤4.34, loses its stability at α≈4.35 and becomes stable again as the rotation rate exceeds 
4.8. El Akoury et al. (2008) conducted detailed two-dimensional numerical simulations for Re≤500 
and α ≤6 in which he concluded that the effect of higher Reynolds number was to bring about early 
transition to secondary instability. Lam (2009) studied flow past a rotating cylinder at Re = 3600–5000 
and α ≤2.5 using flow visualization and particle image velocimetry (PIV) measurements. It was found 
that the wake became increasingly narrow and deflected side-ways with increasing cylinder rotation 
rate and the formation length of the vortices decreased with increasing α, leading to a slight increase 
in the vortex shedding frequency. 
Limited number of studies has been carried out to investigate the development of three-
dimensionality in the wake of rotating cylinders. El Akoury et al. (2008) performed three-dimensional 
9 
 
direct numerical simulations (DNS) at low rotation rates of α<1.5. They found that the three-
dimensional flow becames increasingly complex with increase in rotation rate and the critical Reynolds 
number for two- to three-dimensional wake flow transition moved to a higher value with increase in 
rotation rate. At α=0.5, the critical Reynolds number was found to be around 220, and the flow 
remained two-dimensional at α=1.5 and Re=200. Mittal (2004) performed numerical simulations to 
study the three-dimensionality of flow past a rotating cylinder at Re=200 and a wide range of α from 
0 to 5. It was found that the centrifugal instabilities exist along the entire span for the rotation rate α of 
5. Tokumaru & Dimotakis (1993) investigated the influence of cylinder length-to-diameter aspect ratio 
on the mean lift coefficient at Re=3800 and found that the aspect ratio affects the lift coefficient if it is 
too small.  
   Rao et al. (2013a, b) used linear stability analysis to study two- to three-dimensional transition of 
wake flow past a rotating cylinder at Reynolds numbers less than 400 and rotation rate α≤7. They 
observed that the three-dimensionality in the wake of a rotating cylinder resembled its stationary 
counterpart for α≤1. Five unsteady three-dimensional modes were found in the mode I shedding 
regime, and four three-dimensional modes were observed in the steady regimes of flow for α > 2. The 
experimentally observed flow modes by Radi et al. (2013) were in excellent agreement with those 
observed in the numerical simulations. Later, Navrose et al. (2015) performed a detailed linear stability 
analysis at 200≤Re≤350 to study the steady and unsteady modes associated with mode I shedding and 
mode II shedding for a range of α≤5. They found that spanwise length of the cylinder has considerable 
effect on the occurrence of modes. It was further observed that the mode E was the first unsteady 
associated with the start of the mode II shedding and as the rotation rate was further increased to α=3.5 
and Re=200, a combination of modes E and H were observed making the wake flow complex. 
 
2.2 Vortex-induced vibrations of circular cylinders  
In this section, a detailed literature review on single-degree of freedom vortex-induced vibration 
will be presented first followed by a discussion on two-degree of freedom vortex-induced vibration.  
Next, effect of plane boundary and oscillatory flow on VIV is presented followed by a detailed 
discussion on vibration of rotating cylinder and VIV of two-cylinder systems. 
 
2.2.1 Single-degree-of-freedom vortex-induced vibrations in steady flow 
   Since the vibration of cylindrical structures in fluid occurs mainly due to the dynamic vortex 
shedding flow, the flow-induced vibration of these structures are generally called vortex-induced 
vibration (VIV). Flow-induced vibration around circular cylinders has received a lot of attention from 
the researchers in the past few years due to its engineering importance. The structures undergoing 
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cyclic loading due to vortex-induced vibrations are prone to fatigue failure, a major cause of damage 
to subsea pipelines and other offshore structures. When a steady flow passes a flexible-mounted 
circular cylinder supported by spring-damper system, the large amplitudes of vibrations due to 
fluctuating fluid forces are observed over a certain range of reduced velocities (Bishop and Hassan, 
1964, Blevins, 1990, Parkinson, 1974). Figure 2.2 shows a sketch of VIV of an elastically-mounted 
rigid circular cylinder in the cross-flow direction. The occurrence of large amplitudes of vibrations is 
attributed to the “lock-in” or “Synchronization” between the frequency of oscillating body and the 
vortex shedding frequency. The range of the reduced velocity where lock-in occurs is generally called 
lock-in regime. The reduced velocity is defined as 𝑉𝑟 =
𝑈
𝑓𝑛𝐷
, where fn is the natural frequency. Outside 
the “lock-in” regime, the vortex shedding frequency resumes the same value as that of a stationary 
cylinder. The lock-in regime depends upon the mass ratio (𝑚∗ = 𝑚
𝑚𝑑
) and the damping ratio (𝜁 = 𝛿
2𝜋
) 
of the cylinder where 𝑚 is the mass of the cylinder, 𝑚𝑑 the mass of displaced fluid by the cylinder and 
𝛿 is the natural logarithmic decrement of the oscillating cylinder. The vortex-induced vibrations in the 
cross-flow direction were discussed in many review articles (Bearman, 1984, Feng, 1968, Parkinson, 
1989, Sarpkaya, 1979, Sarpkaya, 2004, Williamson and Govardhan, 2004).  
 
                                               
Fig. 2.2: Steady Stream past a circular cylinder supported by spring-damper system in cross-flow 
direction 
 
 The classic experiment by Feng (1968) aimed at studying the flow characteristics of a flexible-
mounted cylinder in an air flow, a high mass ratio system. The circular cylinder was allowed to vibrate 
in the transverse direction for a range of reduced velocities in Feng (1968). It was found that the 
cylinder started to vibrate at a reduced velocity of 4 when the vibrating frequency of cylinder was 
slightly lower than the natural frequency of the system (Bishop and Hassan, 1964). The Strouhal 
number was 0.2 when the reduced velocity is 4 (the same as for the case of stationary cylinder). At a 
reduced velocity of 5, the vortex shedding frequency became equal to natural frequency of vibration 
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and as a result large amplitude of vibration were observed. This “lock-in” regime lasted for a reduced 
velocity of 7 after which the vortex shedding frequency resumed its original value of 0.2.  
Similar results were observed by Koopmann (1967) in his forced vibrations experiment in which 
he found that the lock-in regime only occurred above threshold amplitude and the lock-in range 
increased with increasing amplitude. This was accompanied by a sudden reduction in the amplitude of 
vibration until the vibration completely disappeared at reduced velocity of 8.5. Another important 
observation from this experimental investigation was the existence of hysteresis in the amplitude 
response and phase angle between amplitude and lift force during the “lock-in” regime. This was 
evident from the amplitude response curve which showed two different amplitudes for the increasing 
and decreasing reduced velocity respectively (Initial branch and the lower branch) as shown in Figure 
2.3. Therefore, the amplitude response at high mass-damping ratio consisted of two solution branches 
known as the initial branch which yields the highest amplitude and the lower branch with lower 
amplitude which in turn is represented as hysteresis between the two branches.  The same hysteresis 
was also observed by also verified by Brika and Laneville (1993) who also performed the tests in air 
with the same mass and damping ratio order. A sudden change in the phase angle was also observed 
followed by an abrupt decrease in the lift force. This was attributed to the change in the timing of 
vortex shedding due to which the lift force suddenly dropped (Ongoren and Rockwell, 1988, 





Fig. 2.3 (a) Frequency response in cross-flow direction versus reduced velocity with 𝑚∗𝜁 = 0.36 in 
air; (b) Amplitude in cross-flow direction versus reduced Velocity with 𝑚∗𝜁 = 0.36 in air 




   Staubli (1983) conducted experiments using a towing tank and found similar hysteresis and 
discontinuity in amplitude response as was found in Feng’s (1968) experiment. Williamson and 
Roshko (1988) conducted experiments on forced vibration of a circular cylinder in the cross-flow 
direction and investigated the wake formation during the lock-in regime for amplitude of up to five 
diameter and a range of reduced velocity (Re=300-1000). This study resulted in a map of vortex 
synchronization regions in the wavelength (Same as reduced velocity)-amplitude plane. They 
identified number of different modes based on the number of vortices shed from the cylinder in one 
vibration period which are defined as follows: 2S indicating 2 single vortices formed per cycle; 2P 
meaning 2 pairs of vortices formed in one cycle; and (P+S) mode consisting of 3 vortices being shed 
in one cycle. They also identified the critical reduced velocity where there was a change in mode for 
example from 2S to 2P. Griffin and Ramberg (1974) also observed three vortices per cycle (P+S) mode 
at high amplitude in their forced vibration experiments in addition to the 2S and 2P modes observed 
in free vibration experiments. Meneghini and Bearman (1995) carried out numerical simulations at 
Re=200 to study forced vibrations of the cylinder. They also found P+S mode of vortex shedding at 
Re=200 when the amplitude of vibration of cylinder was 0.6D and 2S mode when the amplitude was 
lower than this value. Similarly, Blackburn and Henderson (1996) observed P+S vortex shedding mode 
at lower Reynolds of 140 corresponding to amplitude of 0.75D. 
Flow-induced vibrations of cylinders in water flow is generally in low mass ratio conditions. 
Khalak and Williamson (1996) and (1997) conducted free vibration experimental studies at low mass-
damping ratio and found three response branches namely: Initial branch, Upper branch and lower 
branch. The variations of vibration amplitude and frequency with the reduced velocity are shown in 
Figure 2.5. The same amplitude branches were observed by Hover et al. (1998) who performed both 
free and forced vibration experiments to study the forces on oscillating cylinder in the transverse 
direction of the fluid flow. Khalak and Williamson (1999) related the amplitude branches existing at 
low-mass damping parameter with the vortex shedding modes and found good collapse with the 
famous Williamson and Roshko (1988) experiment. There were two discontinuities present in the 
amplitude response; one between initial and upper branches and the other between upper and lower 
branches. At the jump of vibration amplitude between initial branch and upper branches, the vortex 
shedding changes from mode 2S to 2P. Furthermore, this discontinuity in vibration amplitude was also 
accompanied by the sharp change in the phase angle between the vibration displacement and the 
hydrodynamic force near resonance as also observed by Gu et al. (1994) in their forced vibration 
experiment, and was also the result of change in timing of vortex shedding relative to body 
displacement. It was further observed by Govardhan and Williamson (2000) that for low mass-
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damping parameter, the transverse or lift force reaches its maximum at the upper boundary of upper 
branch after which it begin to decrease.     
The oscillating frequency in the lock-in regime at low mass damping parameters (the product of 
mass ratio and damping ratio) was found to be higher than the natural frequency due to the significant 
effect of added mass at low mass-damping ratio (Gharib et al., 1998, Moe and Wu, 1990, Sarpkaya, 
1978). An attempt was also made to develop a linear theoretical model for predicting the response 
amplitude in the low mass ratio which predicted the results well for the lower branch. Based in this 
model, it was deemed suitable to use (𝑚∗ + 𝐶𝐴)𝜁𝑎 as the mass-damping parameter which took in to 
account the effect of added mass (CA) as opposed to the previous models (Griffin, 1980, Scruton, 1963, 
Skop and Balasubramanian, 1997, Skop and Griffin, 1975, Vickery and Watkins, 1964). Figure 2.6 
shows the effects of the mass damping parameter on the response amplitude in the lower branch. 
Furthermore, it was observed that by keeping mass-damping parameter low and constant, the variation 
of 𝑚∗ had significant effect on the frequency and amplitude as it increased the width of the lock-in 
regime (Bearman, 1984, Sarpkaya, 1978, Sarpkaya, 1979, Zdravkovich, 1990). 
(a) 
 
(b)                 
 
Fig.2.4: (a) Frequency response in cross-flow direction versus reduced velocity with  𝑚∗𝜁 = 0.013 ; 
(b) Amplitude in cross-flow direction versus reduced Velocity with  𝑚∗𝜁 = 0.013 in water 




In addition to the mass ratio and damping ratio, the Reynolds number also affects the VIV of a 
cylinder in a fluid flow. The peak amplitude in case of low Reynolds number in the laminar flow 
regime was found to be 0.6 and for higher Reynolds number, it varied to a maximum of 1.5 (Anand 
and Torum, 1985, Hover et al., 1997, Naudascher and Rockwell, 2012, Sarpkaya, 1995, Techet et al., 
1998). The maximum amplitude of around 0.6-0.7 was observed in numerical simulation mainly due 
to the use of Reynolds number of 1000 and less (Blackburn and Karniadakis, 1993, Evangelinos and 
Karniadakis, 1999, Newman and Karniadakis, 1996). Blackburn et al. (2001) and Lucor et al. (2005) 
tried to simulate the experimental results of Khalak and Williamson (1999) with 2D and 3D numerical 
simulations without turbulence model. They obtained good results of the vibration amplitude and were 
also able to demonstrate the existence of 2P mode for the first time using 3D simulations. Guilmineau 
and Queutey (2002) tried to reproduce the results of Gu et al. (1994) numerically by solving two-
dimensional unsteady Navier-Stokes equation for the case of low mass-damping and forced vibrations. 
They found that the amplitude and frequency are in good agreement with the experimental results. 
However, vortex switching occurred slightly earlier than in experiments and the Reynolds number for 
the study was set to 185. Pan et al. (2007) used Reynolds Averaged Navier-Stokes (RANS) code to 
simulate the VIV of a cylinder in a steady flow and were unable to find the upper amplitude branch in 
his numerical simulation due the absence of random disturbances in RANS model. Wanderley et al. 
(2008) in their numerical simulations were able to duplicate the amplitudes of oscillations and 
dynamics of vortex shedding observed in the experiments of Khalak and Williamson (1996, 1999) 
quite well. Govardhan and Williamson (2006) found that the Reynolds number affect the vibration 
amplitude significantly in their free-vibration experiments of flexible-mounted cylinder in transverse 
direction. Furthermore, they also observed that as Reynolds number is less than 500, only two branches 
of amplitude exist irrespective of the value of mass-damping. Moreover, peak amplitude of less than 
0.6 diameters for Re<500 also resulted in two branches of amplitude response. Klamo et al. (2005) 
also observed increase in peak amplitude due to increasing Reynolds number. Govardhan and 
Williamson (2006) found that the data collapse very well if the effect of Reynolds number is considered 
as an extra parameter in the modified Griffin plot. If the maximum amplitude is defined as the ratio of 
peak amplitude normalised by the amplitude for zero mass damping, there was no effect of the mass 
ratio on the peak amplitude. Other experiments in which damping was controlled were performed by 




Fig 2.5: Peak amplitude versus combined mass-damping ratio (Reproduced from Govardhan and 
Williamson 2000) 
 
2.2.2 Two-DOF vortex-induced vibration in steady flow  
The studies on VIV of a circular cylinder in both cross-flow and streamwise direction in a fluid 
flow are much less than the VIV of a cylinder in the cross-flow direction only. Moe and Wu (1990) in 
their vibration experiments studied the X and Y motion of elastically-mounted rigid cylinder placed 
normal to the free-stream. The ratio of natural frequency in X- and Y-direction was 2.18.  They found 
that the amplitude of vibration in the cross-flow direction was increased slightly as compared to that 
in the one-degree-of-freedom vibration in the cross-flow direction and the maximum amplitude was 
attained at higher reduced velocities. Another experimental study on low-speed water tunnel using 
both used Digital Particle Image Velocimetry (DPIV) and force measurements was performed by Jeon 
and Gharib (2001) to study the differences between the one- and two-degree-of-freedom vibrations.  
They found that the addition of streamwise motion resulted in qualitative changes in the wake and the 
most dramatic is the disappearance of the pairing mode. All the experimental studies showed that the 
amplitude of vibration in X-direction was less than in Y-direction (King, 1974, Wooton et al., 1972). 
More recently, Jauvtis and Williamson (2003, 2004) performed experiments on free-vibration of a 
flexible-mounted circular cylinder in both inline and cross-flow directions, where mass ratio and 
natural frequencies in both directions are the same. They found that the response amplitude and the 
vortex shedding mode are the same as their counterparts in the 1DOF VIV in the cross-flow direction 
when the mass ratio is greater than or equal to 6. As mass ratio is smaller than 6, the upper branch 
becomes super-upper branch where a transverse amplitude of 1.5D is observed, corresponding to a 
new 2T (triple vortices per half cycle) vibration mode. Similar results of X- and Y-trajectories and 
amplitudes were observed by (Davis et al., 2000) in their towing tank experiments to study the 
dynamics of a flexible cable having pin-joint at each end. Furthermore, Jauvtis and Williamson (2004) 
also found two inline modes namely: Stream wise Symmetric mode (SS) and Stream wise anti 
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symmetric mode (AS) in their study as shown in Figure 2.7. These modes have also been reported 
before by (Griffin and Ramberg, 1976) and (Ongoren and Rockwell, 1988). Efforts have also been 
made to investigate the elastically-mounted cylinder in 2DOF at low Reynolds numbers using 
numerical methods. Sanchis et al. (2008) showed that the degree-of-freedom does not affect the cross-
flow vibration amplitude of the systems with low mass ratios of 1 when the damping is high. However, 
they did not observe the super-upper branch.  
 
Fig 2.6 Amplitude response of the cylinder in cross-flow direction versus reduced velocity for 
m*=2.6 (Reproduced from Jauvtis and Williamson 2004) 
 
   Many numerical studies of VIV of a cylinder have been conducted at very low Reynolds 
numbers in the laminar flow regime. Mittal and Kumar (1999) discovered the so-called “soft-lock-in” 
phenomenon where the vortex-shedding frequency of the oscillating cylinder did not exactly match 
the natural frequency through a numerical simulation of 2DOF VIV of a circular cylinder at a Reynolds 
number of 325. Prasanth et al. (2006) studied the effects of the blockage on the VIV of a circular 
cylinder for Reynolds numbers less than 150 numerically. Someya et al. (2010) captured the nonlinear 
phenomenon of lock-in, the beating and the phase-switch (the phase difference between the lift force 
and the displacement in the cross-flow direction changing from 0° to 180°) by simulating the VIV of 
a circular cylinder at Re =200 numerically. Ji et al. (2011) studied the VIV modes of a circular cylinder 
at low Reynolds numbers and the effects of Skop–Griffin parameter (SG) on the cylinder response. 
Mittal and Kumar (2001a) performed numerical investigation of 2DOF vortex-induced vibrations for 
circular cylinder at low Reynolds number by first keeping Reynolds number to a constant value of 100 
and changing reduced velocity and observed hysteresis. Secondly, they kept reduced velocity to a value 
equal to 4.92 and varied Reynolds number and experienced large amplitude with P+S vortex shedding 
mode. Mass ratio was fixed to 10 for the study. One of the observations from the paper is that the effect 
of Reynolds number is found to be significant on VIV. It was found from the numerical study that at 
Reynolds number of 300 and larger, the P+S mode of vortex shedding per cycle of vibration was 
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observed for the first time. Hysteresis in the flow and cylinder response was also observed near the 
low and high-end of the lock-in regime. 
 
2.2.3 Effect of oscillatory flow and plane boundary on VIV 
While many experimental and numerical studies have been performed to understand the dynamics 
of VIV in steady flow, VIV of a circular cylinder in an oscillatory flow has received much less 
attention. In the offshore oil and gas engineering, cylindrical structures such as subsea pipelines are 
subject to oscillatory flows. Very limited experimental and numerical studies of VIV of cylinders in 
oscillatory flow are available in literature. Kozakiewicz et al. (1994, 1996) and Sumer and Fredsøe 
(1988) conducted experimental studies of one-degree-of-freedom (1DOF) vibration of a cylinder in 
the cross-flow direction in an oscillatory flow for KC numbers ranging from 5 to 100. It was found 
that the response pattern of the cylinder at a constant KC number varies with the reduced velocity. One 
of the typical characteristics of the response of a cylinder in the oscillatory flow is that the frequency 
of the vibration is multiple of the frequency of the oscillatory flow. Anagnostopoulos and Iliadis (1998) 
simulated the in-line vibration of a circular cylinder in oscillatory flow numerically for Re = 200 and 
KC numbers between 2 and 20. It was observed that the large oscillation amplitude at resonance has a 
significant effect on the flow pattern and the hydrodynamic forces exerted on the cylinder.  
Some numerical studies on 2DOF VIV of a circular cylinder in the oscillatory flow show that the 
trajectory of the vibration is strongly dependent on the KC number and the reduced velocity (Zhao et 
al., 2013a). Zhao et al. (2012) simulated 1DOF VIV of a circular cylinder in the cross-flow direction 
of the oscillatory flow and showed that the VIV modes observed in the laboratory can be well predicted 
by the numerical model based on the RANS equations. Lipsett and Williamson (1994) conducted 
laboratory tests in a U-tube to study the XY-trajectories of vibration by changing KC number from 2 to 
60 and the ratio of natural frequency in water to the frequency of oscillation of the U-tube from 1 to 9. 
Zhao (2013a) also performed 2DOF numerical study on VIV of circular cylinder subject to oscillatory 
flow. It was observed that as the KC number increases, the vibration becomes irregular and chaotic 
with increasing amplitude of the vibration.  
For a fixed cylinder close to a plane boundary in a steady flow, it was demonstrated that the vortex 
shedding is suppressed for a small cylinder-to-boundary gap ratio (Bearman and Zdravkovich, 1978, 
Taniguchi and Miyakoshi, 1990, Buresti and Lanciotti, 1992, Lei et al., 1999, Ong et al., 2010). 
Vibration of a circular cylinder in steady flow close to a plane boundary was investigated in a few 
papers (Yang et al., 2008, Zhao and Cheng, 2011, Hsieh et al., 2016). Vibration of a subsea pipeline 
also has significant effect on the local scour, i.e. the erosion of the seabed sediment below the pipeline 
(Yang et al., 2008, Zhao and Cheng, 2010, Gao et al., 2006). The results of experimental studies 
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(Tsahalis and Jones, 1981, Tsahalis, 1984) suggested that the cylinder undergoes an oval-shape motion 
in contrast to the common figure eight of VIV in steady flow if the gap between the cylinder and the 
plane boundary is equal to cylinder diameter. Fredsøe et al. (1987) found that the transverse vibration 
frequency is close to the frequency of the vortex shedding of a stationary cylinder if the reduced 
velocity is less than 3 and the gap ratio is greater than 0.3. For reduced velocity between 3<Vr<8 and 
0<e/D<1 where e is the distance between the bottom of the cylinder and the plane boundary, the 
transverse vibrating frequency is quite different from the vortex shedding frequency of a stationary 
cylinder.  Moreover, Jacobsen et al. (1984) and Tsahalis (1984) studied vibration of a flexible cylinder 
near a plane boundary in combined waves and currents. Chioukh and Narayanan (1997) conducted an 
experimental study of transverse vibrations of elastically-mounted cylinders over a plane boundary in 
waves. It was found that a cylinder can vibrate even when the initial gap ratio between the cylinder 
and the plane boundary is very small. 
 
2.2.4 Vortex-induced vibration of rotating cylinder 
In recent decade, there has been a lot of work done to understand the physics of flow around 
rotating cylinders.  However, there are only few studies that are directed towards understanding the 
influence of the rotation of the cylinder on the VIV. Bourguet and Lo Jacono (2014) studied one-
degree-of-freedom (1 DOF) flow induced vibration of a rotating cylinder in the cross-flow direction at 
a very low Reynolds number of 100 and investigated the impact of symmetry breaking due to the 
forced rotation on the VIV. Zhao et al. (2014b) performed  two-dimensional numerical simulations of 
one- and two-dimensional vortex induced vibration of a rotating cylinder at a low Reynolds number 
of 150 and a low mass ratio of 2 for 1 . It was found that the general trend of amplitude and 
frequency of oscillations for rotating cylinder follows the same trend as that of a non-rotating cylinder 
for the 1DOF vibrations in the cross-flow direction. The lock-in regime widens and the maximum 
amplitude increases with increasing rotation rate. Furthermore, the inline vibrations became prominent 
at higher rotation rates if the cylinder is allowed to vibrate both in the inline and cross-flow directions 
(Zao et al., 2019).  Bourguet and Lo Jacono (2015) performed two-dimensional numerical simulation 
of flow past a rotating cylinder allowed to oscillate in inline direction and classified the vibration 
response as a function of rotation rate.  
Seyed-Aghazadeh and Modarres-Sadeghi (2015) carried out a laboratory study of VIV of a 
rotating circular cylinder in the transverse direction of a flow in a recirculating water tunnel for rotation 
rate ranging from 0 to 2.6 and Reynolds numbers ranging from 350 to 1000. It was found that the lock-
in regime becomes narrow as the rotation rate was greater than 1.4 and the oscillation of the cylinder 
ceases at rotation rates greater than 2.4. Wong et al. (2017) in their experimental study found that the 
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rotation rate of 2 can increase the maximum vibration amplitude of a rotating cylinder by 76% for a 
constant mass ratio of 5.78 and Reynolds numbers in the range between 1100 and 6300. Recently, 
Bourguet (2019) simulated flow-induced vibration of an elastically mounted cylinder in arbitrary 
directions at Re=100 and α≤3.5. Galloping type response was found at α=3 and higher reduced 
velocities if the angle between the incoming flow and direction of vibrating cylinder was greater than 
90o.  
 
2.2.5 Vortex-induced vibration of two-cylinder system 
The wake interference between multiple cylinders is not only important from the engineering 
perspective but also challenging in terms of physics behind it. Many studies have been performed to 
understand the interference between two cylinders in a fluid flow and its effects on the vortex shedding 
(Zdravkovich, 1977, 1987, 1988). Williamson (1985b) found that for a certain range of gap between 
two cylinders in a side-by-side arrangement, the wakes from the two cylinders were synchronized, i.e., 
they were either in phase or out of phase with each other. Only one wake is formed when the gap 
between two side-by-side cylinders in a fluid flow is less than 1.2D (Alam et al., 2003, Bearman and 
Wadcock, 1973, Kim and Durbin, 1988, Williamson, 1985b). Alam et al. (2003) found that, as the gap 
ratio between two side-by-side circular cylinders is less than 1.2, the gap flow was biased towards one 
cylinder, resulting in the formation of a narrow wake behind one cylinder and a wide wake behind the 
other.  
VIV of two circular cylinders is not studied as extensively as flow past two stationary cylinders 
or VIV of a single cylinder. Fontaine et al. (2005) classified the response of two riser pipes in a tandem 
arrangement in two categories: Wake induced Oscillations (WIO) and Vortex-induced vibrations. WIO 
was also found by Bhatt and Alam (2018) when a cylinder is in a wake of another cylinder. Numerical 
studies on VIV of two cylinders in tandem were mainly conducted at relatively low Reynolds numbers 
and center-to-center distance between the two cylinders of 5 or 5.5 diameters (Jester and Kallinderis, 
2004, Mittal and Kumar, 2001b, Mittal and Kumar, 2004). Zhao and Yan (2013) investigated VIV of 
two cylinders of different diameters close to each other in laminar flow regime and found that the 
interference between the two cylinders has a significant effect on VIV. 
Huera-Huarte and Gharib (2011) through experimental investigation found that the interference 
between the two side-by-side cylinders was very weak if the center-to-center gap exceeded 3.5 times 
the cylinder diameter. Wang et al. (2008) found that the enhancement of the response by the turbulence 
is significant when two cylinders are very close to each other.  Zhao (2013b) in his two-dimensional 
(2-D) numerical study at Re=150 found that for two cylinders in a side-by-side arrangement, the 
response was dominated by VIV when Vr<15; whereas the high amplitude response observed at Vr ≥15 
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was attributed to galloping for gap ratios of 0.5D and 1D between the centers of the two cylinders. Liu 
and Jaiman (2016) and Guan and Jaiman (2017) used a 2D numerical model to study VIV of an 
elastically mounted circular cylinder on one side of an identical rigid cylinder at small Reynolds 
numbers in the laminar flow regime. It was found that that when the gap between the two cylinder is 
small, the wakes are synchronized in an out-of-phase pattern and the gap flow deflects towards the 
vibrating cylinder. Xu et al. (2018) investigated VIV of flexible two side-by-side cylinders 
experimentally at large gap ratios (3 and above) and found that vibration frequencies of the two 
cylinders approximately increases linearly with increasing reduced velocity. Huera-Huarte (2018) 

























Chapter Three: Numerical investigation of the effect of 
plane boundary on two-degree-of-freedom of vortex-
induced vibration of a circular cylinder in oscillatory flow 
 
The laying of subsea pipelines often produces situations where the pipeline is suspended above 
the seabed due to local erosion of sediment. In this chapter, flow induced vibration of a circular cylinder 
close to a plane boundary in an oscillatory flow is studied through two-dimensional numerical 
simulations. The circular cylinder and the plane boundary represent a pipeline and the seabed, 
respectively. It is found that the plane boundary affects the vibration amplitude in the cross-flow 
direction significantly. The vibration in the vertical direction ceases if reduced velocity exceeds 6 for 
KC=5 and 12 for KC=10, respectively. The vibration in the cross-flow direction stops when the reduced 
velocity exceeds a critical value because the effective KC number and the effective reduced velocity, 
which are both based on the relative velocity of the cylinder to the fluid motion, are extremely small. 
For KC=10, the vortex shedding is found to be in one pair regime for most of the reduced velocities 
and non-vortex shedding regime exists at large reduced velocities. Because the shear layers generated 
from the plane boundary attract the vortices generated from the cylinder, vortex shedding occurs only 
at the bottom side of the cylinder.  
  
3.1 Introduction 
In offshore oil and gas engineering, subsea pipelines are generally laid on the seabed and will be 
suspended when local scour (i.e. the erosion of the seabed sediment below the pipeline) occurs. The 
suspension of a pipeline may cause the vibration of the pipeline. The vibration of a suspended pipeline, 
caused by waves and currents, can lead to a catastrophic pipeline failure (Low and Srinil, 2016). 
Because the vibration is generated by the vortex shedding flow, the vibration of cylindrical structures 
in fluid flows are generally called vortex-induced vibration (VIV). The aim of this chapter is to 
investigate the VIV of a circular cylinder close to a plane boundary in oscillatory flow.  
 While many experimental and numerical studies have been performed to understand the dynamics 
of VIV in steady flow, VIV of a circular cylinder in an oscillatory flow has received much less 
attention. Vortex-induced vibration of cylinders in the cross-flow direction has been discussed 
extensively in review articles (Bearman, 1984, Parkinson, 1989, Sarpkaya, 1979, Sarpkaya, 2004, 
Williamson and Govardhan, 2004). The classic experimental study of VIV of an elastically mounted 
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cylinder in wind by Feng (1968), where the mass-damping parameter (the product of mass ratio and 
damping ratio) is quite high, shows that the response can be divided into two branches, namely, the 
initial and the upper branches. Williamson and Roshko (1988) conducted experiments of forced 
vibration of a cylinder in the cross-flow direction in a fluid flow and found the relation between the 
amplitude of the cylinder and the vortex shedding characteristics. By conducting experiments of 
vibration of a cylinder in water flows, Khalak and Williamson (1999) identified three branches of the 
response when the mass-damping is low.  
Blevins and Coughran (2009) and Jauvtis and Williamson (2004) studied two-degree-of-freedom 
(2DOF) VIV of a circular cylinder in steady flows and found that the trajectories of the cylinder 
vibration were strongly dependant on the reduced velocity. Laneville (2006) found that the vortex 
shedding modes were influenced by the X-Y motion of the circular cylinders. Govardhan and 
Williamson (2006) found that the effect of the Reynolds number should be taken into account in 
addition to the mass-damping when evaluating VIV. In the offshore oil and gas engineering, cylindrical 
structures such as subsea pipelines are subject to oscillatory flows. Very limited experimental and 
numerical studies of VIV of cylinders in oscillatory flow are available in literature. Kozakiewicz et al. 
(1994, 1996) and Sumer and Fredsøe (1988) conducted experimental studies of one-degree-of-freedom 
(1DOF) vibration of a cylinder in the cross-flow direction in an oscillatory flow for KC numbers 
ranging from 5 to 100. The KC number is defined as KC = UmT/D, where Um is the velocity amplitude, 
T is the period of the oscillatory flow and D is the diameter of the cylinder.  It was found that the 
response pattern of the cylinder at a constant KC number varies with the reduced velocity. One of the 
typical characteristics of the response of a cylinder in the oscillatory flow is that the frequency of the 
vibration is multiple of the frequency of the oscillatory flow. Anagnostopoulos and Iliadis (1998) 
simulated the in-line vibration of a circular cylinder in oscillatory flow numerically for Re = 200 and 
KC numbers between 2 and 20. It was observed that the large oscillation amplitude at resonance has a 
significant effect on the flow pattern and the hydrodynamic forces exerted on the cylinder.  
Some numerical studies of 2DOF VIV of a circular cylinder in the oscillatory flow show that the 
trajectory of the vibration is strongly dependent on the KC number and the reduced velocity (Zhao et 
al., 2013a). Zhao et al. (2012) simulated 1DOF VIV of a circular cylinder in the cross-flow direction 
of the oscillatory flow and showed that the VIV modes observed in the laboratory can be well predicted 
by the numerical model based on the RANS equations. Lipsett and Williamson (1994) conducted 
laboratory tests in a U-tube to study the XY-trajectories of vibration by changing KC number from 2 to 
60 and the ratio of natural frequency in water to the frequency of oscillation of the U-tube from 1 to 9. 
Zhao (2013a) also performed 2DOF numerical study on VIV of circular cylinder subject to oscillatory 
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flow. It was observed that as the KC number increases, the vibration becomes irregular and chaotic 
with increasing amplitude of the vibration.  
For a fixed cylinder  close to a plane boundary in a steady flow, it was demonstrated that the vortex 
shedding will be suppressed for a small cylinder-to-boundary gap ratio (Bearman and Zdravkovich, 
1978, Taniguchi and Miyakoshi, 1990, Buresti and Lanciotti, 1992, Lei et al., 1999, Ong et al., 2010).  
Vibration of a circular cylinder in steady flow close to a plane boundary was investigated in a few 
papers (Yang et al., 2008, Zhao and Cheng, 2011, Hsieh et al., 2016). Vibration of a subsea pipeline 
also has significant effect on the local scour, i.e. the erosion of the seabed sediment below the pipeline 
(Yang et al., 2008, Zhao and Cheng, 2010, Gao et al., 2006). The results of experimental studies 
(Tsahalis and Jones, 1981, Tsahalis, 1984) suggested that the cylinder undergoes an oval-shape motion 
in contrast to the common figure eight of VIV in steady flow if the gap between the cylinder and the 
plane boundary is equal to cylinder diameter. Fredsøe et al. (1987) found that the transverse vibration 
frequency is close to the frequency of the vortex shedding of a stationary cylinder if the reduced 
velocity is less than 3 and the gap ratio is greater than 0.3. For reduced velocity between 3<Vr<8 and 
0<e/D<1 where e is the distance between the bottom of the cylinder and the plane boundary, the 
transverse vibrating frequency is quite different from the vortex shedding frequency of a stationary 
cylinder.  Moreover, Jacobsen et al. (1984) and Tsahalis (1984) studied vibration of a flexible cylinder 
near a plane boundary in combined waves and currents. Chioukh and Narayanan (1997) conducted an 
experimental study of transverse vibrations of elastically-mounted cylinders over a plane boundary in 
waves at KC≤16. It was found that a cylinder can vibrate even when the initial gap ratio between the 
cylinder and the plane boundary G/D=0.126. 
In this study, two-dimensional numerical simulations are carried out to investigate the effects of a 
plane boundary on VIV of a circular cylinder subject to an oscillatory flow. The cylinder oscillates in 
both the transverse and inline directions with respect to the flow. The Reynolds number and the mass 
ratio  are defined as  𝑅𝑒 = 𝑈𝑚𝐷/𝜈 and 𝑚∗ = 𝑚/(𝜋𝜌𝐷2/4) respectively, where ν is the kinematic 
viscosity of the fluid, m is the mass of cylinder and ρ is the density of the fluid. The Reynolds number, 
the mass ratio and the damping ratio are selected as 5000, 2 and 0, respectively. Simulations are carried 
out for two Keulegan-Carpenter (KC) numbers of 5 and 10 and four gap ratios (e/D) of 0.01, 0.4, 1 and 
∞. The range of reduced velocities considered in the simulations is from 1 to 15. The reduced velocity 
is defined as 𝑉𝑟 = 𝑈𝑚/(𝑓𝑛𝐷), where fn is the natural frequency of the cylinder. The focus of the study 
is to investigate the effect of the gap ratio (e/D) on the inline and cross-flow vibrations of the circular 
cylinder.  
The rest of the chapter is organized as follows. In section 2, the governing equations and the 
numerical model used in this study are presented. In section 3, the numerical model is validated by 
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comparing the numerical results with laboratory test results. In Section 4, simulations are performed 
for two Keulegan-Carpenter (KC) numbers of 5 and 10, four gap ratios (e/D) of 0.01, 0.4, 1 and ∞ and 
reduced velocities ranging from 1 to 15. Then, the effects of plane boundary on VIV of the circular 
cylinder are discussed. In section 5, flow structures at KC=10 are analysed. Finally, conclusions are 
drawn in Section 6. 
 
Figure 3.1  Sketch of 2DOF VIV of circular cylinder near plane boundary in an oscillatory flow 
 
3.2 Numerical Method 
The oscillatory flow around an elastically mounted circular cylinder close to a plane boundary as 
shown in Figure 3.1 is simulated numerically using two dimensional simulations. The fluid velocity of 
the oscillatory flow is expressed as: 
                )/2cos()(1 TtUtu m =  and 0)(2 =tu ,       (3.1) 
where ui is the fluid velocity component in the xi-direction, x1=x and x2=y are the Cartesian coordinates 
parallel and perpendicular to the plane boundary, respectively and t is the time. The vortex structures 
behind a fixed cylinder at Re = 5,000 are three dimensional (Aljure et, al. 2017).  The governing 
equations for simulating the turbulent flow are the unsteady two-dimensional incompressible 
Reynolds-Averaged Navier-Stokes (RANS) equations and the shear stress transport (SST) k −  
model (Menter, 1994) is used to simulate the turbulence. In this study, the Arbitrary Lagrangian 
Eulerian (ALE) method is applied to deal with the moving boundaries of the cylinder. The ALE form 
of the RANS equations in the Cartesian coordinate system is expressed as: 
                       𝜕𝑢𝑖
𝜕𝑥𝑖
= 0,               (3.2) 
  𝜕𝑢𝑖
𝜕𝑡













′),       (3.3) 
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) kSij,where νt is the turbulent viscosity, k is the turbulent energy and 𝑆𝑖𝑗 is the mean 






) /2 .  
The RANS equations and the k-ω turbulence equations are solved by the same Petrov-Galerkin 
method that has been used in Zhao (2013a). A 50D long and 13D high rectangular computational 
domain is used for the numerical simulations. It was found based on the previous study that this domain 
size is sufficient to ensure there is no effect from the domain size (Zang et al., 2009). The cylinder 
(static balance position) is initially located at the centre of the computational domain and at a gap e 
(static balance position) above the plane boundary. The boundary conditions for the governing 
equations of fluid flow are as follows. At the surfaces of the cylinders and the plane boundary, the no-
slip boundary condition is employed, i.e. the fluid velocity is the same as the vibrating velocity of the 
cylinder on the cylinder surface and zero on the plane boundary. The specific dissipation rate ω is 
given at the nodal points next to the wall surface as 𝜔 = 6∆1/𝜈, where Δ1 is the distance from the wall. 
On the left and right boundaries, the velocity is given based on Eq. (1) and pressure is given based on 
the gradient of the undisturbed incoming flow velocity in the x-direction as )/2sin()/2( TtTxp b −=
, where xb is the x-coordinate of the boundary. Symmetric boundary condition is used on the top surface 
of the domain.  
 
 




The 2DOF equation of the motion for the displacement of the cylinder is: 






+ 𝐾𝑋𝑖 = 𝐹𝑖,             (3.4) 
where X1=X and X2=Y are the displacements of the cylinder in the x- and y-directions, respectively, M, 
C and K are the mass, the damping coefficient and the stiffness of the system, respectively, Fi is the 
hydrodynamic force in the xi-direction, which is calculated by integrating the pressure and shear stress 
over the cylinder surface. The fourth order Runge-Kutta method is used to solve the equation of 
motion.  
The deformation of the mesh due to the displacement of the cylinder is calculated by (Zhao and 
Cheng, 2011) 
      ∇ · (𝛾∇𝑎𝑖) = 0,              (3.5) 
where, ia  represents the displacement of the nodal points in the xi-direction, γ is a parameter that 
controls the mesh deformation, which is set to be 𝛾 = 1/𝐴 in a finite element, with A being the area of 
the element. The displacement of the mesh nodes is the same as the displacement of the cylinder on 
the cylinder surface. To allow the mesh to slide along the plane boundary, the gradient of a1 in the y-
direction is zero and a2 is zero on the plane boundary. On other boundaries, the displacement of the 
mesh nodes are zero in both x- and y-directions. By giving the displacements at all the boundaries, Eq. 
(5) is solved by a Galerkin finite element method.  
Collision between the cylinder and the plane boundary may happen if e/D is very small. To avoid 
over distortion of the mesh between the cylinder and the rigid plane boundary during the computations, 
the cylinder is forced to bounce back when the distance between the cylinder and the plane boundary 
reaches 0.01D. It was found that reducing the distance beyond 0.01D results in excessive distortion of 
mesh. A very small initial gap of 0.01D is expected to enable the numerical setup to represent the case 
of a cylinder initially on a plane boundary (Zhao and Cheng, 2011). After the cylinder is bounced back 
from the plane boundary, the horizontal velocity remains unchanged, while the vertical velocity 
reverses with the unchanged magnitude. Figure 3.2 shows an example of the computational mesh near 
the cylinder for an initial gap ratio of e/D=0.01. The computational domain is divided into 35248 
quadrilateral linear finite elements for this case. The minimum non-dimensional mesh size in the radial 
direction next to the cylinder surface is 0.0032D. The normalized distance is defined as /1f=
+ uy  
where uf is the friction velocity used to estimate the near wall mesh density. The maximum y+ near the 
gap is less than 3 when the gap between the cylinder and the bed reaches its minimum. The y+ outside 
of the gap is always less than 1. The validation of the numerical model for simulating VIV of a circular 
cylinder subject to oscillatory flow and close to plane boundary and mesh dependency has been done 




Figure 3.3 Comparison of between the XY-trajectories. Left column: Numerical; Right column: 
experimental. 
 
3.3 Comparison with experimental results  
The numerical model used in the simulations is validated against the results of the laboratory tests 
of VIV of a cylinder in oscillatory flow generated in a U-tube by Lipsett and Williamson (1994), who 
conducted experiments using U-tube with a width of 600 mm and three cylinders with different 
diameters. The results of the cylinder with D=63.8 mm, corresponding to a U-tube width to cylinder 
diameter ratio of 9.4, are used to validate the numerical model. Lipsett and Williamson (1994) defined 
the ratio of the Reynolds number to the KC number as the frequency parameter. For the 63.8 mm 
diameter cylinder, the frequency parameter was 1250 in the experiments. In the tests, the mass ratio is 
1 and the damping ratio measured in water is 0.05. Numerical simulations of VIV of a cylinder in a 
uniform oscillatory flow are performed under same parameters as those used in the experiments, except 
the damping ratio. The structural natural frequency and the structural damping ratio are needed in the 
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numerical simulations. The structural damping ratio could not be measured directly because the spring 







Figure 3.4 Time histories of the displacement of the cylinder for KC=5 
 
In the numerical simulations, the structural damping ratio is set as zero. In the experiments, the 
reduced velocity is defined based on the natural frequency measured in water. In this study, the natural 
frequency in water and the reduced velocity based on the natural frequency measured in water are 
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defined as fnw and )/( nwmrw DfUV = , respectively. The natural frequency measured in water by Lipsett 
and Williamson (1994) is converted to the structural natural frequency measured in vacuum based on 
the relationship of **Anwn /)(/ mmCff += , where CA is the added mass coefficient equal to 1 
(Khalak and Williamson, 1999).  
 
 
Figure 3.5 Time histories of the displacement of the cylinder for KC=10 
 
 The XY-trajectories of the cylinder response are obtained numerically for a range of KC number 
from 2 to 60 and ratio of natural frequency of the cylinder in water to the frequency of oscillation of 
the U-tube (fnw/fw) from 1 to 9. Figure 3.3 shows the comparison of the XY-trajectories between the 
laboratory tests and the present numerical simulations. It can be seen that the XY-trajectories obtained 
from the numerical model are very close to the results obtained from the laboratory tests. It is further 
observed that the XY-trajectories are symmetric about the vertical axis at X/D=0. The vibration 




3.4 Numerical results of VIV of a cylinder close to a plane boundary 
The Reynolds number, the mass ratio m* and the damping ratio of the cylinder are 5000, 2 and 0, 
respectively, in all the numerical simulations. The gap ratios (e/D) used in this study are 0.01, 0.4, 1 
and ∞, where e/D=∞ represents the case of VIV of a circular cylinder in a uniform oscillatory flow 
without a plane boundary. Simulations are carried out for reduced velocities ranging from 1 to 15.  
 
Figure 3.6 left column: Amplitude Spectra of the Y-displacement of the cylinder, right column: XY-





Figure 3.7 Left column: Amplitude Spectra of the Y-displacement of the cylinder, right column: XY-
trajectories for KC=10 
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To ensure a steady-state vibration has been achieved, simulation for each case is performed for at 
least 20 periods of the oscillatory flow. The time histories for several typical cases with KC=5 and 10 
are shown in Figure 3.4 and Figure 3.5, respectively.  If the collision between the cylinder and the 
plane boundary occurs, the maximum displacement of the cylinder in the downward direction is the 
same as the cylinder-to-boundary gap. In some cases, the cylinder reaches the plane boundary and is 
bounced back a number of times in one flow period. For example the cylinder hits the plane boundary 
twice in one period of the oscillatory flow at (KC, e/D, Vr)=(5, 0.01, 4) and four times when (KC, e/D, 
Vr)=(10, 0.01, 4), and in these two cases, high amplitude jump and low amplitude jump of the cylinder 
occur alternatively, i.e. every high jump is followed by a low jump and vice versa. Sometimes every 
high jump of the cylinder is followed by two low jumps, for example when (KC, e/D, Vr)=(10, 0.4, 8). 
In some cases, the maximum height of the cylinder vibration in the vertical direction does not have 
obvious change, for example when (KC, e/D, Vr)=(5, 0.4, 5). The dynamics of vortex induced 
vibrations (VIV) of the cylinder become highly complex and nonlinear due to the presence of plane 
boundary as the KC number increases from 5 to 10. As the gap ratio (e/D) is increased from 0.01 to ∞, 
the effect of plane boundary on VIV reduces. The effect of plane boundary on the vibration of the 
cylinder is small when e/D=1, because the vibration appears to be symmetric with its static balance 
position and the cylinder does not collide with the plane boundary as shown in Figure 3.4 (e) and (f).  
Figure 3.6 shows the amplitude spectra of the response in the cross-flow direction and the XY-
trajectories for some representative cases for KC=5. The cylinder vibrates mostly with double 
frequency mode for all the gap ratios i.e. the cylinder attains its maximum amplitude twice in one 
oscillatory flow cycle and the corresponding XY-trajectories are regular and repeatable. In some cases, 
the spectrum of the cross-flow vibration is dominated by the oscillatory flow frequency, mainly 
because the vibration in one half period is very different from that in the other half period. If the 
vibration is strictly symmetric (i.e. the vibration in the first half period is exactly the same as that in 
the second half), there is only double frequency component in the spectrum as shown in Figure 3. 6 
(e). At large reduced velocities (see Figure 3.6 (f)), the cylinder only goes up and down once in one 
period of the flow, leading to a single frequency vibration mode. 
Figure 3.7 shows the amplitude spectra of the cylinder response in the cross-flow direction and 
the XY-trajectories for KC=10. The cylinder vibrates mostly with a multiple-frequency mode and the 
amplitude spectra is broad-banded with some exceptions, for example (KC, e/D, Vr)=(10, 0.4, 2) and 
(KC, e/D, Vr)=(10,1,10). The pre-dominant frequency ratio (f/fw) varies between 1 and 4, depending 
on the reduced velocity. The amplitude spectra with multiple peaks correspond to the cases where the 
vibration mode is transitioning from one frequency mode to the other frequency mode. When the 
reduced velocity is 2, there are two vibration periods in half period of the oscillatory flow, resulting in 
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a vibration frequency four times the oscillatory flow frequency. When the cylinder vibrates mostly in 
a distinct double or single frequency mode, the corresponding XY-trajectories are regular and 
repeatable, for example (KC, e/D, Vr)=(10, ∞, 4). The XY-trajectories for 5.11r V  are not shown 
because the vibration is pre-dominantly in the x-direction and the amplitude in the cross-flow direction 
is negligibly small. 
Figure 3.8 (a) – (d) shows the variations of the maximum and minimum displacements in both the 
inline and cross flow directions with the reduced velocity for KC=5. Figure 3.8 (e) shows the variation 
of the vibration frequency (fy/fw) in the cross-flow direction with the reduced velocity for KC=5. The 
response frequencies for 6r V  are not shown in Figure 3.8 because the vibration amplitudes in the 
cross-flow direction are nearly zero and the vibration is very irregular. Collision between the cylinder 
and the plane boundary occurs in the reduced velocity range of 5.52 r V  for e/D=0.01 and 0.4 and 
does not occur at any reduced velocities for e/D=1. Both Ymax/D and Ymin/D vary with reduced velocity 
oscillatorily for e/D=1 and ∞, where the cylinder does not reach the plane boundary. The oscillatory 
nature of the response at e/D=1 and ∞ is that Ymax/D and Ymin/D drop suddenly at around Vr ≈ 4. Sumer 
and Fredsøe (1988)  reported that, if the cylinder is only allowed to vibrate in the cross-flow direction 
in a uniform oscillatory flow, the multiple peak behaviour of the vibration amplitude with the reduced 
velocity occurs because “lock-in occurs several times”. In this study, lock-in in the cross-flow direction 
does not occur after reduced velocity exceeds 6 because the response amplitude becomes zero. In this 
study, a lock-in range of the reduced velocity is defined as the range between the starting reduced 
velocity of the first lock-in and the ending reduced velocity of the last lock-in when multiple lock-in 
occurs. For KC=5, the lock-in range is found to be between 2 and 5.5 for all the gap ratios.  
The variations of Xmax/D and Xmin/D with the reduced velocity do not change significantly as the 
gap ratio changes, except in the lock-in range. The magnitudes Xmax/D and Xmin/D are not exactly the 
same as each other in some cases because the vibration is not symmetric as demonstrated in Figure 
3.7. The amplitude of the oscillatory motion of the fluid particles is defined as Afluid and is related to 
the KC number as )2/(/fluid KCDA = . It is interesting that the amplitude of the cylinder in the in-line 
direction is greater than the amplitude of the fluid motion in the reduced velocity range of 73 r V . 
When the reduced velocity is greater than 7, the amplitude of the cylinder is slightly smaller than the 
amplitude of the fluid motion.  
Lipsett and Williamson (1994) found that an integer number of transverse response cycles were 
completed for each in-line cycle when studying VIV of a cylinder in an oscillatory flow in both in-line 
and cross-flow directions. Since the vibration frequency in the cross-flow direction is generally 
multiple of the oscillatory flow frequency, Zhao (2013a) named the response modes to be double-, 
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triple- and quadruple-frequency modes, etc. The minimum values of Ymax/D and |Ymin/D| occur at 
Vr=4.5 and 4 for e/D=1 and ∞, respectively. It can be seen from Figure 3.8 that at these two reduced 
velocities where the vibration amplitude is the minimum, the response frequency changes from one 
mode to the other. However, if the cylinder collides with the plane boundary at small gap ratios of 
e/D=0.01 and 0.4, the multiple-peak behaviour of the response disappears. The reduction in the 
response amplitude at the boundary reduced velocity between two response modes is not observed and 







Figure 3.8 Variation of the maximum and minimum displacement and the frequency of the cylinder 






































































































Figure 3.9 Variation of the maximum and minimum displacement and  the frequency of the cylinder 
with the reduced velocity for KC=10 
 
Figure 3.9 shows the variations of the maximum and minimum displacements of the cylinder in 
both the inline and cross flow directions and the vibration frequency in the cross-flow direction with 
the reduced velocity for KC=10. Compared with that for KC=5, the high-amplitude response reduced 
velocity range is widened. For both e/D=0.01 and 0.4, collision between the cylinder and the plane 
boundary occurs in the reduced velocity range of 122 r V , which is the whole lock-in range. When 
e/D=∞, multiple maximum values of the response amplitude in the cross-flow direction are also 
observed at Vr=3, 5.5 and 11.5, respectively, and the minimum response amplitudes in the cross-flow 
direction occur at reduced velocities where the vibration frequency changes. For e/D=0.01, 0.4 and 1, 
the minimum values of Ymax/D are not obvious and high amplitude is observed in the entire lock-in 
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(e) Vibration frequency in the y-direction
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counterpart at KC=5. The effects of plane boundary on the VIV become negligible when the gap ratio 
(e/D) is 1 and ∞, similar to the observation for KC=5.  
The maximum and minimum displacements Xmax/D and Xmin/D in the in-line direction are also 
almost symmetric to each other with some exceptions due to the symmetry of the flow and the system 
in the in-line direction as in the case of KC=5. The vibration of the cylinder in the in-line direction is 
always dominated by the oscillatory flow frequency because the inertia force on the cylinder due to 
the oscillation of the fluid contributes to the vibration more than the vortex shedding. Compared with 
that of KC=5, the maximum amplitude in the inline direction is significantly increased at KC=10. The 
maximum amplitude of the cylinder displacement in the in-line direction with KC=10 occurs at 10r V
, where the oscillation flow frequency is close to the natural frequency of the cylinder. 
The vibration of the cylinder in the inline direction is found to be dominated by the frequency of 
the oscillatory flow for both KC=5 and 10. When a cylinder vibrates in both the inline and the cross-
flow directions, the velocity of the cylinder in the in-line direction relative to the fluid will be reduced 
if the cylinder movement in the inline direction is in-phase with the fluid velocity and increased if the 





Figure 3.10 Correlation coefficient and phase difference between displacement of the oscillatory 






















































































(d) Phase difference for KC=10
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The phase difference between the displacement of the fluid motion (defined as Xf) and the 
displacement of the cylinder vibration (defined as X) is discussed. Based on Eq. (1), the displacement 
of the fluid motion is calculated according to )/2sin()2/(mf TtTUX = . The cross correlation 
coefficient between Xf(t) and X(t) is defined as C(τ) and is calculated using n periods of data by 𝐶(𝜏) =
1
𝑛𝑇
∫ [𝑋𝑓(𝑡) − 𝑋𝑓̅̅ ̅]. [𝑋(𝑡 + 𝜏) − ?̅?
𝑛𝑇
0
]d𝑡/(𝜎𝑋𝑓𝜎𝑋), where 𝜏 is the time lag, 𝜎𝑋𝑓  and 𝜎𝑋 are the standard 
deviations of Xf(t) and X(t) respectively, and 𝑋𝑓̅̅ ̅ and ?̅? are the mean values of Xf(t) and X(t), 
respectively. It is seen from the definition that the cross correlation varies with τ periodically and its 
period is the same as the period of the oscillatory flow. The cross correlation coefficient C(𝜏) for 
0≤ 𝜏≤T is calculated and the maximum value of C(𝜏) is denoted by Cm. If Xf and X are perfectly 
correlated, Cm=1. The phase between Xf and X is defined as  𝜑 = 𝜑𝑋𝑓 − 𝜑𝑋  where 𝜑𝑋𝑓 and 𝜑𝑋 are the 
phases of vibrations of Xf and X respectively. The time lag corresponding to the maximum value of Cm 
is defined as 𝜏𝑚 and time lag is converted to the phase difference by φ= 2𝜋𝜏𝑚/𝑇. Figure 3.10 (a) and 
(b) shows the correlation between the oscillation displacement of the fluid particles and the cylinder 
displacement in the x-direction as a function of reduced velocity. Excellent correlation between the 
oscillatory flow and the displacement of the cylinder in the x-directions is observed for most of the gap 
ratios, except for e/D=0.4 and small reduced velocities, where the correlation coefficient is still greater 
than 0.75. Since the oscillation of the fluid and the vibration of the cylinder are correlated well, the 
phase difference (φ) between the fluid motion and the cylinder vibration is calculated and shown in 
Figure 3.10 (c) and (d). The positive and negative phase angles indicate that the phase of the cylinder 
motion lags and leads the fluid motion, respectively. When the reduced velocity is very small, the 
oscillatory flow is nearly out-of-phase with the inline displacement of the fluid, i.e. the cylinder moves 
in the opposition of the fluid motion. It can be seen that the phase of the cylinder motion leads that of 
the fluid motion and the magnitude of the phase difference decreases almost linearly with increasing 
Vr until Vr=6 for KC=5 and Vr=12 and for KC=10. After the reduced velocity exceeds the upper 
boundary of the lock-in regime, the phase difference remains nearly zero. The closeness between the 
amplitudes of the cylinder motion and fluid motion and the in-phase between displacements of the 
cylinder and fluid particles at large reduced velocities indicate that the cylinder moves passively with 






Figure 3.11 Effective reduced velocity and effective KC number 
 
If both the cylinder and the fluid oscillate in the x-direction, the flow characteristics and the 
vibration of the cylinder depend on the relative velocity of the undisturbed fluid motion to the cylinder. 
The relative velocity of the fluid motion in the x-direction to the cylinder is defined as 
tXTtUtu /dd)/2cos()( mrel −=   and the effective reduced velocity and the effective KC number are 
calculated by )Df/(UV nrealm,effr, =  and DTUKC /rel,m,eff = , where Um,rel is the maximum value of )(rel tu
. The effective reduced velocity and the effective KC number are shown in Figure 3.11. It can be seen 
that for KC=5, both the effective reduced velocity and the effective KC number reach their minimum 
values at about 7r =V . The effective KC number is less than 2 when 6r V  for all the gap ratios. For 
a stationary cylinder in an oscillatory flow, the flow is symmetric and no vortex shedding occurs as 
KC<4 (Williamson, 1985). For KC=5, the vibration of the cylinder in the cross-flow direction ceases 
when Vr>6 because the effective KC number is extremely small (<2). For KC=10, both the effective 
reduced velocity and the effective KC number reach their minimum values at about Vr=14, except for 
e/D=0.4. For all the gap ratios, both 
effr,
V  and effKC  are very small in the range of 155.12 r V . This 
explains why the vibration of the cylinder in the cross-flow direction ceases when . The 



















































































motion are in-phase with each other as shown in Figure 3.10 and the amplitude of the cylinder and that 
of the fluid motion are very close to each other as shown in Figure 3.8. 
3.5 Vortex Shedding 
When a stationary cylinder is placed in an oscillatory flow, the vortex shedding flow is classified 
into different regimes based on the number of vortex pairs that are shed from the cylinder during one 
period of the oscillatory flow. The flow is in the mode of pair-of-attached-vortices when KC=5, where 
a pair of asymmetric vortices are generated from the cylinder in half cycle but vortex shedding does 
not occur, and one pair regime when KC=10, where a pair of vortices are shed from only one side of 




Figure 3.12 Vorticity Contour for KC=10, Vr=2, e/D=∞ 
 
If the circular cylinder is allowed to vibrate, it is found that in addition to KC number and reduced 
velocity, the number of vortex pair that are shed from the cylinder in one oscillatory flow is also 
dependent upon the gap ratio (e/D). In addition to the gap ratio, the vortex shedding also depends on 
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the relative velocity between fluid motion and cylinder inline motion, and the effective KC number. 
Figure 3.12 shows the flow structure for KC=10 and Vr=2 for one oscillatory flow cycle when the gap 
ratio e/D=∞ and the corresponding instants of vorticity contours in the time histories of cross-flow 
direction. The two vortices A and B grow in size until the flow reverses. After that, vortex A is swept 
back on the cylinder to form two new vortices C and D before being shed. In the meantime, vortex B 
is shed from the bottom of the cylinder (Figure 3.12b). In the second half cycle, vortices A and D are 
swept back on the cylinder and another two new vortices E and F are generated. Vortex C is shed from 
the bottom of the cylinder (Figure 3.12d). In one cycle of the oscillatory flow, vortices B and C are 
shed from the cylinder, forming a one-pair vortex shedding pattern. Because the vibration amplitudes 
of the cylinder in both the in-line and the cross-flow directions are very small, the effective KCeff 
almost equals to KC. It is further found that the flow structure in this case replicates the ‘regime D’ 
found by (Tatsuno and Bearman (1990)) in their flow visualization experiment around a stationary 
cylinder subject to an oscillatory flow with KC=6.28. High frequency vibration is observed because 
each vortex that is shed from the cylinder attacks the cylinder after the flow reverses, resulting in a 
high frequency force.  
Figure 3.13 shows the vorticity contours and the time histories of the vibration in the cross-flow 
direction within one flow cycle for KC=10 and Vr=5 when gap ratio (e/D)= ∞. Vortex A and B are 
shed from the previous oscillatory flow. It can be seen from Figure 3.13 (b) that two vortices (C and 
D) are shed from the cylinder in the first half of oscillatory flow. Because vortex C is actually separated 
from the main negative vortex and is extremely weak, it has little effect on the vibration. The flow 
structure in the second half cycle is identical to the one in the first half cycle. In one cycle, two vortices 
D and E are shed from the cylinder, forming an one-pair vortex shedding pattern. The two vortices C 
and H are too weak to have influences on the flow. It was shown by Zhao (2013a) that the vibration 
frequency normalized by the flow frequency is equal to the number of vortex pair shed from the 
cylinder plus one. Since one pair of vortex is shed from the cylinder for this reduced velocity, therefore, 
the vibration frequency is twice the flow frequency.  
Figure 3.14 shows the vorticity contours and time histories of the cylinder in the cross-flow 
direction in one flow cycle for KC=10 and Vr=9.5 when gap ratio (e/D)= ∞. One pair of vortex is shed 
from the cylinder. Vortex A is the one that is shed from the cylinder before the flow direction changes 
from negative to positive. When the flow direction is positive (Figure 3.14 (b) and (c)), vortex B is 
shed from the cylinder. The cylinder vibration frequency in the cross-flow direction is twice the 
oscillatory flow frequency because the flow reversals contribute to the increase of the vibration 
frequency. It is also observed that the large vibration amplitude of the cylinder in the x-direction results 
in a relative velocity less than the oscillatory flow velocity. As a result, the effective KC number is 
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also reduced to around 6. It can be concluded from the vorticity contours and frequency plot for KC=10 
in Figure 3.9 (e) that one pair of vortex is shed from the cylinder in one flow cycle for reduced velocity 
range of 3.5≤Vr≤9.5. The cylinder vibration frequency in the cross-flow direction is very close to the 
natural frequency at Vr=5, therefore maximum amplitude is observed at this reduced velocity. As the 
reduced velocity is increased beyond Vr=5, the vibration frequency desynchronizes with the natural 
frequency. Consequently, lowest amplitude is observed at Vr=9.5. The effective KC is around 6 when 
Vr=9.5. It is also clear from relative velocity plot of Figure 3.11(e) that the Vr,eff increases with 
increasing reduced velocity and reaches maximum at around  Vr=8.5, after which it decreases.  Hence, 











Figure 3.14 Vorticity Contours for KC=10, Vr=9.5, e/D=∞ 
 
Figure 3.15 shows the vorticity contours and the time histories of the cylinder displacement in the 
cross-flow direction during one flow period for KC=10, Vr=11 and a gap ratio e/D= ∞. The negative 
vortex at the top of the cylinder does not change its shape and strength throughout the whole cycle. No 
vortex shedding is observed, mainly because the effective KC number is very small. The main positive 
vortex and the main negative vortex are found to rotate around the cylinder. The same flow structure 
is repeated in each oscillatory flow period, hence the corresponding XY-trajectories are regular and 
repeatable. The cylinder vibration frequency in the y-direction is the same as the oscillatory flow 
frequency.  
Figure 3.16 shows the vorticity contours in one flow cycle for KC=10, Vr=15 and gap ratio e/D = 
∞. The effective KC number is extremely small at large reduced velocities because the fluid motion 
and the cylinder motion are in-phase with each other as shown in Figure 3.10 and have almost the same 
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amplitude as shown in Figure 3.8. As a result of this very small effective KC number (<2), extremely 
weak vortices are observed for this reduced velocity and the vibration of the cylinder is only in the in-




Figure 3.15 Vorticity Contours for KC=10, Vr=11, e/D=∞ 
 
The flow structure for KC=10, Vr=10 and e/D=0.4 is shown in Figure 3.17. There is significant 
influence of the shear layer from the plane boundary on the vortex shedding from the cylinder. The 
cylinder also collides with the plane boundary once in each flow cycle in this case. The changes of the 
vortices far away from the cylinder within a cycle can hardly be identified. When the cylinder moves 
in the left direction, one positive vortex is shed from the cylinder. This vortex is shed from the cylinder 
mainly because of the collision of the cylinder with the plane boundary, which disconnects the shear 
layer at the bottom of the cylinder as shown in Figure 3.17 (a). The positive vortices that are shed from 
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the bottom right of the cylinder merge into a large positive vortex at the right-hand side of the cylinder. 
When the cylinder is moving in the right direction, no vortex shedding is observed. However, small 
negative vortices are found to split from the cylinder when the cylinder collides with the plane 
boundary and these negative vortices further merge into the main negative vortex to the left of the 
cylinder. Because the flow in one half cycle is different from that in the other half cycle, the vibration 
frequency is the same as the oscillation flow frequency. Since the cylinder collides with the plane 
boundary, sufficiently large amplitude is observed at this reduced velocity. When the cylinder is close 
to a plane boundary, the vortices are found to be shed only from the bottom side of the cylinder 
regardless of the reduced velocity. Because the vorticity of shear layers generated from the plane 
boundary and the shear layer generated from bottom of the cylinder have opposite directions to each 
other, the shear layers from the plane boundary attract the vortices generated from the cylinder and 












Figure 3.17. Vorticity contours for KC=10, Vr=10, e/D=0.4 
 
3.6 Conclusions 
Vortex-induced vibration of an elastically mounted circular cylinder close to a plane boundary 
and in an oscillatory flow is numerically investigated. The study is aimed to investigate the effects of 
the interaction between the cylinder and the plane boundary on the vibration amplitude. Simulations 
are carried out for two KC numbers of 5 and 10, four gap ratios of 0.01, 0.4 1 and ∞ and reduced 
velocities ranging from 1 to 15. The effect of gap ratio (e/D) on the VIV is studied. Following 
conclusions are drawn based on this study.  
The effect of plane boundary on the VIV becomes weak as the gap ratio (e/D) is increased to 1 for 
both KC=5 and 10. The lock-in range of the reduced velocity is widened when KC number increases 
from 5 to 10. The VIV at KC=10 is more complex than that at KC=5, which can be reflected by the 
strong fluctuation of Ymax with increasing reduced velocity 2≤Vr≤12.  
As e/D=∞, the vibration amplitude in the cross-flow direction decreases suddenly around Vr=4 for 
KC=5, and Vr=3.5 and 9.5 for KC=10. These sudden decreases of the amplitude in the cross-flow 
direction are attributed to the transition of frequency from one mode to the other mode. Due to this 
transition, the vibration frequency desynchronizes with the vortex shedding frequency and the 
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corresponding XY-trajectories become irregular and chaotic. The cylinder vibrates mostly in double 
frequency mode when KC=5 and 10. However, most of the amplitude spectra of the vibration 
displacement contain multiple peaks at KC=10 and the corresponding XY-trajectories are irregular and 
non-periodic.  
The free-stream oscillatory flow and the in-line displacement of the cylinder are found to be 
correlated well with eath other. It is further observed that the cylinder vibration and the undisturbed 
oscillatory fluid motion are nearly out-of-phase at lowest reduced velocity. The phase of the cylinder 
motion leads the phase of the fluid motion and the phase difference between the cylinder motion and 
the undisturbed oscillatory flow motion decreases with increasing reduced velocity. The cylinder 
motion and oscillatory fluid motion become in-phase with each other as the reduced velocity is beyond 
their critical values of 6 and 12 for KC=5 and 10, respectively. If the reduced velocity is greater than 
critical reduced velocities for both KC=5 and 10, the effective KC number is extremely small (<2), no 
vortex shedding occurs and the amplitude of transverse vibration is almost zero.   
The vortex shedding is highly dependent on the reduced velocities. For KC=10 and e/D=∞, the 
vortex shedding is in one pair flow regime for most of the reduced velocities. When there is a plane 
boundary, the vortices are shed only from the bottom side of the cylinder if vortex shedding occurs. 
This is because the shear layers generated from the plane boundary attract the vortices generated from 














Chapter Four: Flow-induced vibration of a rotating 
circular cylinder at high reduced velocities and high 
rotation speeds 
 
Flow-induced vibration (FIV) of a rotating circular cylinder with high reduced velocities and high 
rotation speeds is investigated by conducting two-dimensional numerical simulations at a low 
Reynolds number of 100 and a mass ratio of 11.5. Simulations are conducted first for three constant 
rotation rates of 4.9, 5 and 5.1 which are in the secondary instability regime at Re=100. It is found that 
the range of reduced velocity between 2 and 40 can be classified into three vortex-induced vibration 
regimes (VIV-1 to VIV-3) and one combined VIV and galloping regime (VG). The vortex shedding 
modes in VIV-1, VIV-2 and VIV-3 are 2S, T-S and 2P modes, respectively. In T-S mode, the flow and 
vibration repeat after every two vibration periods; a triplet of vortices and single vortex are shed from 
the cylinder within the first and second periods, respectively. Next, FIV for constant reduced velocities 
of 25, 29 and 35 over a range of rotation rates are simulated. The whole range of rotation rate between 
0 and 6 can be classified into non-lock-in regime between 0 and 1.8, VIV-4 regime between 2.6 and 
4.4 where lock-in occurs, and GV regime between 4.8 and 6. The flow is steady between non-lock-in 
regime and VIV-4 regime. A new 2P vortex shedding mode is observed in VIV-4 regime, where the 
vortex shedding is caused by the interaction of three free shear layers separated from the cylinder 
which results in four weak vortices shed from the cylinder in one vibration period.  
 
4.1 Introduction  
Flow around bluffed bodies have received a lot of attention in the past few decades due to its 
widespread applications not only in offshore oil and gas engineering but also in design of 
infrastructures such as buildings and bridges. It is well-known that as the Reynolds number (Re) is 
increased beyond Re=47, flow in the wake of a circular cylinder becomes unsteady and vortices are 
shed from two sides of the cylinder periodically, forming a so-called von-Kármán vortex street. The 
wake flow transitions from two dimensional to three dimensional flows at around Re=140 to 200 and 
become fully turbulent at about Re=300 (Thompson et al., 1996, Barkley and Henderson, 1996, 
Karniadakis and Triantafyllou, 1992, Hammache and Gharib, 1991, Williamson, 1988).  
Rotation of a circular cylinder in a fluid flow changes the flow characteristics significantly, 
especially at high rotation rates. The rotation rate α is defined as the ratio of the rotating speed of the 
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cylinder surface to the free stream velocity. Both Reynolds number and rotation rate have profound 
effects on flow past a rotating cylinder (Chang and Chern, 1991). The effect of rotation rate is to break 
the symmetry of the wake flow and thus influences the corresponding forces on the cylinder. It was 
found that at a low rotation rate range of α<2, the vortex shedding flow around a rotating circular 
cylinder was similar to von-Kármán vortex street (Stojković, Breuer & Durst, 2002, Pralits, Brandt & 
Giannetti, 2010). The vortex shedding was found to be fully suppressed when α is greater than 2 (Diaz 
et al., 1983, Badr et al., 1990, Chew et al., 1995, Chou, 2000). Kang et al. (1999) investigated laminar 
flow past a rotating circular cylinder numerically and found that the critical α above which the vortex 
shedding was suppressed increases with the increase of Reynolds number. The critical rotation rates 
for Re=60, 100 and 160 are about 1.4, 1.8 and 1.9, respectively. For rotation rates lower than the critical 
rotation rate, the Strouhal number is nearly independent of the rotation rate.  
Stojković et al. (2002) and Pralits et al. (2010) reported a secondary instability regime in the 
rotation rate range of 4.8 ≤ α ≤ 5.15 for Re=100, which is characterized by the shedding of one 
counterclockwise vortex from one side of the cylinder in one vortex shedding period. The lift force 
increases drastically with the increase in the rotation rate in the secondary instability regime. Mittal 
and Kumar (2003) and Lu et al. (2011) found that for Re=200, the vortex shedding is suppressed as 
rotation rate is in the range of 1.91≤α≤4.34; and the secondary instability regime starts at 35.4 . 
El Akoury et al. (2008) conducted two-dimensional numerical simulations for Re≤500 and concluded 
that the flow transitions to secondary instability regime earlier if Reynolds number increases. Lam 
(2009) studied flow past a rotating cylinder at Re=3600 to 5000 and 5.2 using flow visualization 
and particle image velocimetry (PIV) measurements. It was found that the wake became increasingly 
narrow and deflected sideways with increasing cylinder rotation speed and the formation length of the 
vortices decreased with increasing α, leading to a slight increase in the vortex shedding frequency.  
El Akoury et al. (2008) performed three-dimensional direct numerical simulations (DNS) of flow 
past a rotating cylinder at low rotation rates of α≤1.5. They found that the critical Reynolds number 
for two- to three-dimensional wake flow transition increases with the rotation rate as compared with 
the case where the cylinder is not rotating. Mittal (2004) performed numerical simulations to study the 
three-dimensionality of flow past a rotating cylinder at Re=200 and a wide range of α from 0 to 5. It 
was found that the centrifugal instabilities exist along the entire span for the rotation rate α of 5. Rao 
et al. (2013a,b) used linear stability analysis to study two- to three-dimensional transition of wake flow 
past a rotating cylinder at Reynolds numbers less than 400 and rotation rate α≤7. They observed that 
the three-dimensionality in the wake of a rotating cylinder resembled its stationary counterpart for α≤1. 
Five unsteady three-dimensional modes were found in the mode I shedding regime, and four three-
dimensional modes were observed in the steady regimes of flow for α > 2. Later, Navrose et al. (2015) 
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performed a detailed linear stability analysis at 200≤Re≤350 to study the steady and unsteady modes 
associated with mode I shedding and mode II shedding for a range of α≤5. In a recent study by Munir 
et al. (2019), a detailed three-dimensional numerical study was conducted to investigate the two- to 
three-dimensional transition of flow both as a function of Reynolds number and rotation rate. It was 
found that transition to three-dimensional flow occurred at higher rotation rate for lower Reynolds 
number and the lift coefficient inside the secondary instability rotation rate range for lower Reynolds 
number of Re=100 was similar to previous two-dimensional numerical results. 
Since vibration of cylindrical structures in fluid flows occurs mainly due to the dynamic vortex 
shedding flow, the flow-induced vibration of these structures is generally called vortex-induced 
vibration (VIV). The VIV of a non-rotating circular cylinder has been extensively studied in the past 
few decades (Bearman, 1984, Feng, 1968, Parkinson, 1989, Sarpkaya, 1979, Sarpkaya, 2004, 
Williamson and Govardhan, 2004).  Recently, a few studies are directed towards understanding the 
influence of the rotation of the cylinder on the VIV. Bourguet and Lo Jacono (2014) studied one-
degree-of-freedom (1 DOF) flow induced vibration of a rotating cylinder in the cross-flow direction at 
a very low Reynolds number of 100 and investigated the impact of symmetry breaking due to the 
forced rotation on the VIV. Zhao et al. (2014b) performed two-dimensional numerical simulations of 
vortex induced vibration of a rotating cylinder at a low Reynolds number of 150 and a low mass ratio 
of 2 for 1 . The lock-in regime was found to widen and the maximum amplitude increases with 
increasing rotation rate. Furthermore, the inline vibrations became prominent at higher rotation rates 
if the cylinder is allowed to vibrate both in the inline and cross-flow directions (Zao et al., 2019).  
Bourguet and Lo Jacono (2015) performed two-dimensional numerical simulation of flow past a 
rotating cylinder allowed to oscillate in inline direction and classified the vibration response as a 
function of rotation rate.  
Seyed-Aghazadeh and Modarres-Sadeghi (2015) carried out a laboratory study of VIV of a 
rotating circular cylinder in the transverse direction of a flow in a recirculating water tunnel for rotation 
rate ranging from 0 to 2.6 and Reynolds numbers ranging from 350 to 1000. It was found that the lock-
in regime becomes narrow as the rotation rate was greater than 1.4 and the oscillation of the cylinder 
ceases at rotation rates greater than 2.4. Wong et al. (2017) in their experimental study found that the 
rotation rate of 2 can increase the maximum vibration amplitude of a rotating cylinder by 76% for a 
constant mass ratio of 5.78 and Reynolds numbers in the range between 1100 and 6300. Munir et al. 
(2018) conducted simulations for α≤3.5 to investigate the effect of higher rotation rate inside the lock-
in regime. It was found that the vibration is suppressed when the rotation rate is increased beyond a 
critical value which is dependent on reduced velocity. Recently, Bourguet (2019) simulated flow-
induced vibration of an elastically mounted cylinder in arbitrary directions at Re=100 and α≤3.5. 
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Galloping type response was found at α=3 and higher reduced velocities if the angle between the 
incoming flow and direction of vibrating cylinder was greater than 90o.  
Although some relevant experimental and numerical studies have been conducted in the past on 
FIV of rotating cylinders, there are no systematic studies available to understand the dynamics of FIV 
of high speed rotating cylinder to the best of our knowledge. The objectives of this study are twofold: 
(1) To study the nature of VIV inside the secondary instability regime by performing detailed two-
dimensional simulations at α=4.9, 5 and 5.1 at Re=100 and reduced velocities in the range from Vr=2 
to 40; and (2) to systematically study the effect of high rotation rate from α=0 to 6 on the typical 
velocities inside the high amplitude response. In order to perform a systematic study on VIV of high-
speed rotating cylinders, the circular cylinder is allowed to vibrate in the cross-flow direction only in 
this study. In the future, the study will be extended to investigate the effect of both cross-flow and 
inline vibrations on the amplitude response and flow structures.  The damping ratio, the Reynolds 
number and the mass ratio are kept constant at 0, 100 and 11.5, respectively. The effects of the rotation 
rate on the vibration amplitude and frequency, the correlation between the vibration and the fluid force, 
and the two-dimensional wake vortex shedding flow are discussed in detail.  
The rest of the chapter is arranged as follows. In section 2, the governing equations and the 
numerical model used in this study is presented. In section 3, a mesh dependency study is presented 
and the numerical model is validated by comparing the numerical results with published data. In 
section 4, simulations are performed at α=4.9, 5 and 5.1 and a wide range of reduced velocity to identify 
the effects of the rotation rate on the lock-in regime and fluid forces on the cylinder. In section 5, 
simulations are performed at three typical reduced velocities of Vr=25, 29 and 35 and rotation rates 
ranging from 0 to 6 to study the response of VIV as a function of rotation rate. Finally, conclusions are 
drawn in Section 6. It is envisaged that this study will improve the understanding of the dynamics of 
rotating cylinders and lead to an improvement in the designs of subsea drillers and vibrations 
suppression devices through rotation. 
4.2 Numerical Method 
Figure 1 show the computational domain used for simulating FIV of a rotating cylinder, which is 
110D long and 100D wide. The center of the cylinder is placed at 50D from the left boundary and the 
two side boundaries. The cylinder is allowed to vibrate only in the transverse direction of the flow. 
The incompressible Navier-Stokes equations are solved by the Petrov-Galerkin finite element method 
(PG-FEM) developed by Zhao et al. (2007) to simulate the flow. The finite element mesh is updated 
after each computational time step to accommodate the motion of the cylinder. The Arbitrary 
Lagrangian Eulerian (ALE) method, which has been found to be an accurate method for simulating 
the VIV of cylinders in fluid flow, is used in this study. The velocity (u,v), the time t, the length (x, y) 
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and the pressure p are non-dimensionalized as (u,v)=(?̃?, ?̃?)/U, t=𝑈?̃?/𝐷, (𝑥, 𝑦) = (?̃?, ?̃?)/𝐷, 𝑝 =
𝑝/(𝜌𝑈2) , respectively, where the tilde denotes the dimensional parameters, D is the diameter of the 
cylinder, U is the free-stream fluid velocity and 𝜌 is the fluid density. The non-dimensional ALE 
formulation of the NS equations for incompressible flow is expressed as: 
𝜕𝑢𝑖
𝜕𝑡











,      (4.1) 
𝜕𝑢𝑖
𝜕𝑥𝑖
= 0,          (4.2) 
where x1=x and x2=y are the Cartesian coordinates in the in-line and transverse directions of the flow, 
respectively; ui is the fluid velocity component in the xi-direction; t is the time; Re=UD/ν, ν is the 
kinematic viscosity of the fluid and ui,mesh is the velocity of the moving mesh. The non-dimensional 
equation of the motion of the cylinder is: 








        (4.3) 
where Y, ?̇? and ?̈? are the displacement, velocity and acceleration of the cylinder in the cross-flow 
direction, respectively; m*=m/md is the mass ratio with m being the mass of the cylinder and md being 
the displaced fluid mass; Vr=U/(fnD) is the reduced velocity of flow, fn is the structural natural 
frequency measured in vacuum, ζ is the damping ratio and CL is the lift coefficient which is defined 
as 𝐶𝐿 = 𝐹𝐿/(𝜌𝐷𝑈2/2) with FL being the lift force on the cylinder in the cross-flow direction. The 
detailed PG-FEM method for solving the NS equations can be found in (Zhao et al., 2007) and will 
not be discussed here. The equation of motion is solved using the fourth order Runge-Kutta 
algorithm. 
    
 
Figure 4.1 (a) A sketch of flow around a rotating circular cylinder allowed to vibrate in the cross-














After each computational time step in the numerical simulation, the position of the cylinder 
changes and the whole computation domain needs to be moved accordingly. In the ALE scheme, the 
mesh nodes can be moved in an arbitrary way to ensure that the finite elements are as little distorted 
as possible. If the boundaries of the computational domain are fixed and only the cylinder moves, 
the displacement of the mesh nodes can be calculated by using the following equation:  
∇ ∙ (𝛾∇𝑆𝑦) = 0,             (4.4) 
where Sy represents the displacement of the nodal points in the y-direction and 𝛾 is a parameter that 
controls the mesh deformation. In order to avoid excessive deformation of the near wall elements, 
the parameter 𝛾 in a finite element can be chosen to be inversely proportional to the area of the 
element (Zhao and Cheng, 2011). By specifying the displacements at all the boundaries, Eq. (4.4) 
can be solved by the Galerkin FEM. When FIV of a rotating cylinder is simulated at large rotation 
rates and large reduced velocities, the mean deflection of the cylinder was found to be significantly 
greater than the cylinder diameter. Of all the studied cases, the maximum mean deflection of the 
cylinder in the negative y-direction for the maximum rotation rate and maximum reduced velocity is 
over 60 diameters. Using Eq. (4.4) with fixed boundaries of computational domain is proved 
inadequate to cater for such large displacements. To overcome this problem, the whole computational 
domain was made to move together with the cylinder, resulting in a mesh velocity the same as the 
vibration velocity of the cylinder in the whole computational domain, i.e. 0meshx, =u  and 𝑢𝑦,𝑚𝑒𝑠ℎ =
?̇?.  
     Figure 4.1 (b) shows the computational mesh near the cylinder surface used in this study (herein 
referred to as the normal mesh). The computational domain is divided into 34400 quadrilateral four-
node linear finite elements. The circumference of the cylinder is discretized in to 120 elements and the 
mesh size in the radial direction is 0.00038D on the cylinder surface. A very small time step of 
∆t=0.0002 was chosen in order to satisfy the Courant number criteria which is defined as CFL=u∆t/∆r, 
where ∆r is the distance of the first grid point from the surface of the cylinder in the radial direction. 
The Courant number of 0.526 is used in the present study. The boundary conditions for the N-S 
equations are as follows: Initially, the velocity and the pressure in the whole computational domain 
are set to zero. The non-dimensional velocity at the inlet boundary is 1 and the fluid velocity at the 
cylinder surface equals to the sum of translational and rotational velocities of the cylinder surface. At 
the outlet boundary, the pressure and the gradient of velocity in the inline direction are set to zero. At 
the two lateral boundaries, the gradient of the pressure and streamwise velocity in the cross-flow 




4.3 Mesh dependency study and validation of the numerical model  
To ensure that the idea of moving the whole computational domain with a constant velocity 
𝑢𝑦,𝑚𝑒𝑠ℎ = ?̇? does produce the same results as using Eq. (4.4), simulation for α=0 and Vr=5 is conducted 
using both mesh moving methods and Figure 4.2 (a) shows the comparison between the results. It can 
be seen that the two time histories of the Y-displacement are almost identical with each other. The 
amplitude and frequency calculated from 𝑢𝑦,𝑚𝑒𝑠ℎ = ?̇? differ from their counterparts of using Eq. (4.4) 
by about 0.2% and 0.1%, respectively.  
A mesh dependency study is performed to ensure that the mesh density is high enough to get 
converged results. Simulations using two additional meshes of different mesh densities are performed 
at α = 5.1 and Vr = 6, 20 and 40 and the results are listed in Table 1, where Δr, Nc and Nnode stand for 
the radial element size on the cylinder surface, the number of elements along the circumference of the 
cylinder and the total number of nodes of the elements, respectively. The results of the amplitude and 
frequencies from different meshes are compared quantitatively with each other in Table 4.1. The 
response amplitude in the y-direction is defined as Ay = (Ymax − Ymin)/2, where the maximum 
displacement Ymax and the minimum displacement Ymin are obtained from the time histories of cylinder 
displacement in the last 10 vibration periods. The frequency of the cylinder in the y-direction (fy) is 
normalized by the natural frequency of the cylinder (fn). The difference between the amplitudes 
calculated from the dense and normal meshes is about 2% and the difference between the frequencies 
from the dense and normal meshes is about 0.4%. The frequencies for Vr=40 are not available in Table 
1 because the vibration is aperiodic galloping like vibration as shown in Figure 4.2 (b), which will be 
discussed in detail in the next section. The amplitudes of the galloping like vibration in Table 1 from 
different meshes are very close to each other.  
The numerical model used in this study has been previously used to simulate VIV of cylinders for 
Re=150 and small rotation rates of α=0.5 and 1 in Zhao et al. (2014b), where a detailed validation 
study has been performed. To validate the numerical model for large rotation rates, simulations are 
performed for a cylinder rotating at high speeds at Re=200 and time histories of lift coefficient for a 
range of rotation rate are compared with the numerical results by Lu et al. (2011) and Mittal (2004) in 
Figure 4.3. The mean lift coefficients are negative due to the Magnus effect caused by the rotation of 
the cylinder. There is transition of flow from vortex shedding flow to no vortex shedding flow as the 
rotation rate is increased beyond a critical value. The lift coefficients for α≤4.2, which marks the end 
of no vortex shedding regime, agree very well with other two sets of two-dimensional numerical 
results. α=4.4 and 4.7 are in the very narrow secondary instability regime where the lift coefficient 
oscillates periodically again at very low frequencies. The mean value, the amplitude and the period of 
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the lift coefficient are almost the same as those in previous studies for α=4.4 and 4.7. However, the 
phases of the lift coefficients in the three studies are not the same. This is because the onset of the 
secondary instability occurs randomly in the numerical simulations. As the rotation rate is increased 
beyond 4.7, the vortex shedding is suppressed again and the present results are in very good agreement 




Figure 4.2 Mesh dependency study results. (a) Time histories of vibration displacement for α=0 and 
Vr=5 under two meshing moving schemes; (b) Time histories of vibraiton displacment α=5.1 and 
Vr=40 under three meshes 
 
 
4.4 Vibration response at α=4.9, 5 and 5.1 
      The aim of the chapter is to investigate the effect of high rotation rate on FIV of a rotating circular 
cylinder. The Reynolds number is set to 100 and mass ratio of 11.5 is used in this study. The results of 
the chapter are discussed in two parts. In this part, simulations are conducted for three rotation rates of 
α=4.9, 5 and 5.1 and reduced velocities in the range from Vr=2 to 40 with an increment of 1 to 
systematically investigate the effect of high rotation rates on the vibration amplitude and frequency. 



































regime for flow past a non-vibrating cylinder at Re=100. In second part, simulations are performed at 
three high reduced velocities of Vr=25, 29 and 35 and a wide range of rotation rate α from 0 to 6 with 
an increment of 0.2 to investigate the effect of the rotation rate on vibration at higher reduced velocities 
corresponding to high amplitude of vibration identified in the first part. 
In this section, the displacement of the cylinder in the secondary instability regime is presented 
first and the response is classified into different regimes. Later, physics of different response regimes 
are discussed by analysing the correlation between the displacement, the wake flow pattern and the lift 
coefficient.  
 
Table 1 Results of the mesh dependency study 
Mesh Δr/D Nc Nnode 
Vr=6 Vr=20 Vr=40 
Ay/D f/fn Ay/D f/fn Ay/D 
Normal 0.00038 120 34400 0.855 0.9393 3.34 0.9614 21.7 
Dense 0.00016 160 49048 0.838 0.9393 3.27 0.9658 22.1 
Coarse 0.0006 80 21500 0.849 0.9399 3.28 0.9625 21.5 
 
 
Figure 4.3 Comparison of the lift coefficients of flow past a non-vibrating rotating cylinder for 































Figure 4.4 shows the time histories of the displacement for rotation rate α=4.9 and a range of 
reduced velocities from Vr=2 to 40. The results for α=5 and 5.1 share same characteristics as those of 
α=4.9. The cylinder always vibrates about a negative mean position due to the Magnus effect and this 
negative mean position increases with increasing reduced velocity. The cylinder vibrates regularly with 
a very low amplitude at Vr=2 and the vibration frequency at this reduced velocity is found to be the 
same as the frequency of lift coefficient for non-vibrating cylinder at α=4.9. The vibration amplitude 
of the cylinder increases with the increase of the reduced velocity as can be seen from Figure 4.4. At 
Vr=4 and 6, the vibration starts with the very low frequency and low amplitude vibration; followed by 
beating phenomenon with the combination of low and high frequencies; and ending up with high 
amplitude vibration with a frequency close to the natural frequency. It is observed that Vr=4 is the 
transition reduced velocity for lock-in to occur, since it takes more than 100 natural periods for the 
flow to transition to periodic vibration with natural frequency. With the increase in the reduced 
velocity, the duration for the flow transitioning to regular vibration reduces. Regular high amplitude 
vibration is observed till Vr=10 where the non-dimensional vibration amplitude is about 1. It is 
interesting to observe that in the reduced velocity range of 12≤Vr≤18, the vibration has a secondary 
lower frequency which is half the dominant frequency. This secondary lower frequency component 
disappears as the reduced velocity is increased to 20 and the vibration remains periodic in the reduced 
velocity range of 20≤Vr≤25, where the non-dimensional amplitude of vibration is insensitive to the 
reduced velocity and remains close to 2.5. It can be seen in Figure 4.4 (c) that before the vibration 
finally develops into periodic vibration, it has slightly similar characteristics with those in Figure 4.4 
(b), i.e. having two frequencies.   
As the reduced velocity is increased beyond 25, the vibration response of the cylinder changes 
dramatically. The striking phenomenon is the repetitive occurrence of the ultrahigh peaks in the 
vibration displacement with regular or irregular time intervals. Between high amplitude peaks, there 
is periodic vibration with changing amplitude and mean position. The vibration for 25r V  does not 
have exactly same characteristics of beating that is caused by the interference between two signals 
with different frequencies. It is not exactly the same as the galloping response of bluff bodies either, 
because it does not have a constant galloping frequency (Nemes et al., 2012, Cui et al., 2015, Seyed-
Aghazadeh et al., 2017). It appears that galloping and VIV occurs intermittently. Between two adjacent 
peaks in the response, vibration is very similar to the VIV response with a frequency close to the 
natural frequency. In this study, this type of vibration is defined as impulsive galloping and the peak 
value of the vibration displacement is referred to as impulsive peaks of the displacement. From Figure 
4.4 (d) to (f), it is observed that with an increase in the reduced velocity, (1) the impulsive peaks appear 
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to occur more frequently and more periodically; and (2) the amplitude of the periodic VIV response 
between impulsive displacements decreases. For Vr=26, only one impulsive peak is observed between 
tfn=6 and 10 and somehow, an impulsive peak which was supposed to occur between tfn=20 and 22 
was suppressed. The number of impulsive peaks within tfn=20 is increased to two, three and four for 
Vr=29, 34 and 40, respectively. The amplitude of impulsive peaks also increases with the increase in 
the reduced velocity. The response in Figure 4.4 (f) to (h) is referred to as combined VIV and galloping 





Figure 4.4 Time histories of the displacement for α=4.9 
 
Fast Fourier Transform (FFT) for analyzing frequencies of periodic vibration is not quite suitable 
for analyzing the impulsive galloping. To understand the combined VIV and impulsive galloping 
response frequency, ensemble empirical mode decomposition (EEMD) is used to decompose the 
vibration displacement into intrinsic mode functions (IMFs) and the n-th mode is represented as IMF-
n. EEMD is used because it does not have the problem of mode mixing compared with empirical model 
deposition (EMD) method (Wang et al., 2012, Zhao et al., 2014a). Figure 4.5 shows EEMD 
decomposition of the vibration displacment for α=4.9 and representative reduced velocities. Only two 
IMFs are needed for both VIV response and VG responses, respectively. R2 is defined as the residual 
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VIV responses with a single frequency in Figure 4.5 (a) and (b), IMF-2 is nearly zero and the residual 
is the mean value of the vibration. For VIV response with dual frequencies in Figure 4.5 (c), IMF-1 
and IMF-2 are the higher and lower frequency components, respectively, while R2 is the mean value 
of the displacement. The VIV response in Figure 4.5 (e) started with a dual frequency response with 
both IMF-1 and IMF-2 and finally evolves into a single frequency VIV after about tfn=22.   
 
Figure 4.5 EEMD decomposition of the vibration displacment for α=4.9 
 
In the VG regime, the IMF-1, IMF-2 and R2 reaches their highest values simultaneously at the 
impulsive peaks. If the duration of VIV between two impulsive peaks is long, IMF-2 is nearly zero as 
seen in Figure 4.5 (f) and (g), and R2 does not oscillates, indicating the vibration only has one 
frequency. If the duration of VIV during two impulsive peaks is short, IMF-2 is slightly disturbed 
because of the fast change of the response. 
Figure 4.6 shows the variations of the maximum and minimum displacements of the cylinder 
represented by Ymax and Ymin, respectively, the amplitude of the cylinder and frequency of the VIV 
response with the reduced velocity for α=4.9, 5 and 5.1. The results for vibration amplitude and 
frequency of non-rotating cylinder (α=0) are also plotted on Figure 4.6 (c) and (d) for the purpose of 
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increased. The lock-in only occurs within a very narrow range of 84 r V  for a non-rotating cylinder. 
If the cylinder rotates at α=4.9, 5 and 5.1, Magnus effect causes negative mean lift coefficient, which 
increases quadratically with the increase of rotation rate (Kang et al., 1999). The frequencies of the 





Figure 4.6 Variations of the vibration amplitude, mean displacement of the cylinder and the vibration 
frequency with the reduced velocity for α=4.9, 5.0 and 5.1 
 
If a vibration is in the VG regime, only the high frequency caused by VIV is shown in Figure 4.6, 
which is calculated from IMP-1 component of the displacement. Because impulsive peaks in the VG 
regime occur randomly in many cases, their occurrence frequency is not calculated. While Ymin 
increases with increasing reduced velocity almost quadratically, Ymax experiences three jumps. 
Affected by Ymax, the vibration amplitude also experiences three jumps at same reduced velocities. The 
jumps are correlated with the change in the response regime or VIV frequency discussed in Figure 4.5. 
The first jump, which occurs between Vr=10 and 12, is very weak and can be seen in the close up view 
of AY in Figure 4.6 (c). No frequency change was found during the first amplitude jump. The first jump 
in the response amplitude is correlated to the change of VIV response frequency from single to dual 
frequency. The second jump in the Ymax and AY is correlated to the change of VIV frequency from dual 
frequency back to single frequency. It can be seen in Figure 4.6 (d) that the VIV frequency reduces 















































































response changes from VIV to VG regime. The variation of the VIV response frequency with the 
reduced velocity becomes irregular because the VIV response between impulsive galloping peaks 
changes significantly. Overall, the VIV frequency is close to fn at the lower end of VG regime and 
increases with the increase in Vr. 
Based on the above analysis of the response of the cylinder, the whole range of Vr can be divided 
into a VIV regime and a GV regime. The behaviour of the vibration varies in the VIV regime. As a 
result, the VIV regime is further classified into three sub-regimes. The identified response regimes 
including VIV and the GV regimes are listed in Table 4.2 and their characteristics are summarized as 
below: 
o Non-lock-in regime: neither VIV or galloping occurs, the response amplitude is extremely 
small and frequency is very different from the natural frequency. 
o Regime VIV-1: the amplitude of vibration increases with increasing Vr and the cylinder vibrates 
periodically with a single frequency.  
o Regime VIV-2: in addition to the primary frequency, which is close to the natural frequency, 
the vibration has a secondary frequency, which is half the primary frequency.  
o Regime VIV-3: the secondary lower frequency disappears and the VIV only has one frequency 
that is close to the natural frequency. 
o Regime GV: the response is combination of VIV and impulsive galloping. Impulsive peaks 
occur intermittently at low Vr and nearly periodically at high Vr. The VIV occurs between 
impulsive peaks and its frequency is dominated by a single frequency close to the natural 
frequency.  
 
Table 4.2 Classification of response regimes 
α non-lock-in  VIV-1 VIV-2 VIV-3 GV 
4.9 2r V  104 r V  1811 r V  2520 r V  26r V  
5.0 2r V  104 r V  1411 r V  2916 r V  30r V  
5.1 2r V  104 r V  1411 r V  2916 r V  30r V  
 
Figure 4.6 (c) shows that the amplitude of vibration increases with increasing reduced velocity in 
all the response regimes and the increase rate in regime VG is the highest, indicating a significant 
effect of Vr on the impulsive peaks. This is very different from the vibration response of non-rotating 
cylinder where the vibration amplitude remains close to zero till Vr=4, then remains high inside the 
lock-in regime after which it becomes very small at Vr>8 which marks the end of lock-in regime (see 
Figure 4.6 (c)). Each response regime for a rotating cylinder corresponds to a unique flow pattern, 
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which will be discussed later on. Regimes VIV-1, VIV-2 and VIV-3 are collectively defined as lock-
in regime in this study because (1) the vibration amplitude is increased significantly compared with 
the non-lock-in regime; and (2) the vibration frequency lock-in with a frequency which is close to the 




Figure 4.7 Vorticity contours, streaklines and time histories of displacement and lift force for α=4.9 
and Vr=2 
 
To understand the correlation between the wake flow structure and the vibration of the cylinder, 
the vortex shedding represented by the contours of non-dimensional vorticity for α=4.9 are analyzed. 
Figure 4.7 shows the vorticity contours, streaklines and the time histories of the displacement and lift 
coefficient for α=4.9 and Vr=2, which is outside the VIV regime. The vibration amplitude is very small 
and the frequency of the vibration is the same as the frequency of the lift coefficient caused by the 
secondary instability for a non-vibrating rotating cylinder, which is an order smaller than the natural 
frequency of the cylinder. The lift force and displacement are in-phase with each other as can be seen 


























(a) tfn=282.5 (b) tfn=285.5 
(c) tfn=288.5 (d) tfn=294.0 
(e) tfn=299.5 (f) Time histories of Y and CL 
(g) Streaklines when Y=Ymax 
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in the secondary instability regime for flow past a non-vibrating rotating cylinder (Mittal and Kumar, 
2003). Both positive and negative free shear layers are generated from the bottom side of the cylinder 
and only one positive vortex is shed from the cylinder in one period of vibration when the cylinder 
moves upwards. The positive vortex grows in size at tfn=285.5 before being shed from the cylinder at 
tfn=288.5. When the cylinder moves downwards (from (c) to (e) in Figure 4.7), the separated negative 
shear layer from the bottom side of the cylinder extends to a long distance downstream and does not 
form vortices. The separated negative shear layer is fairly week and dissipates quickly since it is 
separated from the cylinder by the positive shear layer. Because only one vortex is shed from the 
cylinder in one vibration period, the vortex shedding mode is defined as 1S mode. The generation of 
only one vortex and only in half vibration period makes the cylinder spend less time moving upwards 
as compared to downward motion in one vibration period.  
All the streaklines in the chapter is generated by releasing along two straight lines of y=0.6 to 1 
and 6.0−=y  to 1−  on the y-axis. Ten particles are released along each of these two lines after each 
time interval of 0.1. It can be seen in Figure 4.7 (g) that the particles released on the top side of the 
cylinder travel around to the bottom side due to the high rotation speed. In Figure 4.7 (g), a very strong 
positive vortex is seen in the far wake of the cylinder and a small size positive vortex is growing in the 
near wake.  
Figure 4.8 shows vorticity contours, the streaklines and the time histories of the displacement and 
lift coefficient at α = 4.9 and Vr=8, which is a typical reduced velocity inside VIV-1 regime. The lift 
force and the displacement are basically in phase with each other, although the displacement is not 
exactly sinusoidal. Compared with that in Figure 4.7, the negative shear layer from the bottom side of 
the cylinder has become much stronger and has enough vorticity to form vortices. As the result, one 
pair of vortex (labelled as Vortices A and B in Figure 4.8) is shed from the cylinder in one period of 
vibration, forming a diagonally aligned vortex street with positive and negative vortices in the wake. 
A positive vortex and a negative vortex are shed from the cylinder when the cylinder moves 
downwards and upwards, respectively. This periodic shedding of vortices from the bottom side of the 
cylinder results in regular vibration with a constant amplitude. Based on the number of vortices that 
are shed from the cylinder, the vortex shedding is in 2S mode in VIV-1 regime. The vibration period 
in Figure 8 is significantly reduced compared with that in Figure 4.7.  
Due to the strong rotating speed of the cylinder, all the particles released from the top side of the 
cylinder move to the bottom side in the streaklines of Figure 4.8 (g). A S-shaped wavy streaklines are 
formed in the wake of the cylinder. Every turning point of the streaklines corresponds to either a 
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positive or a negative vortex. A wavy streakline pattern with many bends results in a vortex street with 




Figure 4.8 Vorticity contours, streaklines and time histories of displacement and lift force for α=4.9 
and Vr=8 
 
Figure 4.9 shows the vorticity contours, streaklines and the time histories of the lift force and 
displacement at α = 4.9 and Vr=12, a typical example in VIV-2 regime. It is interesting to see from 
Figure 4.9 (k) that the lift coefficient repeats after every two vibration periods and the vibration 
amplitude also increases and decreases alternatively after each vibration period. The reason for these 
phenomena to occur is because the vortex shedding process repeats after every two periods. In the 
period from (a) to (e) in Figure 4.9, three vortices A, B and C are shed from the cylinder. Of these three 
vortices, A and B are shed when the cylinder moves upwards and C is shed when the cylinder moves 

























(e) tfn=65.38 (f) Time histories of Y and CL 







(a) tfn=64.38 (b) tfn=64.63 
(g) Streaklines when Y=Ymax 
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4.9 (j), which is two periods after (e), three new vortices A', B' and C' are the same as vortices A, B 
and C in Figure 4.9 (e), respectively. The vortex shedding pattern in Figure 4.9 is defined as T-S mode, 
indicating that the flow repeats after two vibration periods with a triplet of vortices and one vortex 
being shed in the first and second periods, respectively. The P-S mode where one pair of vortices and 
one single vortex are shed in two half periods, respectively, was reported for a non-rotating cylinder 
(Evangelinos and Em Karniadakis, 1999). The T-S mode in Figure 4.10 has never been reported in 
literature to the best of our knowledge. 
 The lift coefficient shown in Figure 4.9 (k) is clearly the superimposition of high frequency 
components on a low frequency component, which has half the vibration frequency of the cylinder. To 
see the relation between the lift force and the displacement better, the first three IMFs (IMF-1 to IMF-
3) of the lift coefficient are plotted in Figure 4.9 (l). IMF-1 of the lift coefficient oscillates irregularly 
within one vibration period and has much higher frequency than the vibration frequency. The very 
irregular but weak oscillations of IMF-1 are mainly because of the irregular timing of the vortex 
shedding in two adjacent periods as discussed above. IMF-1 does not have any effect on the vibration 
since its frequency does not synchronize with the vibration frequency and its amplitude is small. In the 
displacement, no frequency higher than the vibration frequency is seen. The frequency of IMF-2 lift 
coefficient and the frequency of the displacement Y synchronize and they are in phase with each other. 
The IMF-3 of the lift coefficient has a period twice the vibration period and it is strong because the 
vortex shedding repeat after every two periods of vibration. Although it does not lock-in with the 
vibration frequency, the high amplitude of IMF-3 lift coefficient is mainly responsible for the 
difference between vibration amplitudes in two consecutive periods.  
All the vortices identified in Figure 4.9 (a) to (j) can also been seen in the streaklines. In Figure 
4.9 (m) a set of vortices A to D from the previous vibration cycle can be clearly seen and a new vortex 
A has started. The vortices in the streaklines of Figure 4.9 (m) are much stronger than those in Figure 
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(a) tfn=53.42 (b) tfn=53.67 
(c) tfn=53.92 (d) tfn=54.25 













(l) EEMD decomposition of CL 
























Figure 4.10 shows the flow structures for α = 4.9 and Vr=22, a typical reduced velocity inside 
VIV-3 regime. Figure 4.10 (g) and (h) show the time histories of lift coefficient, the vibration 
displacement and the EEMD components of the lift coefficient. The displacement Y vibrates 
periodically in Figure 4.10, so does the lift coefficient. However, the frequency of the lift coefficient 
is twice the vibration frequency. In the vibration period from (a) to (e) in Figure 4.10, two pair of 
vortices (labelled as A, B, C and D, respectively) are shed from the cylinder. As a result, the vortex 
shedding is in a 2P mode. The lift coefficient in the first half period is different from that in the second 
half period mainly because the first pair of vortices (A and B) are different from the second pair (C 
and D). In another period after (e), two more pairs of vortices (A', B', C' and D') are shed from the 
cylinder in Figure 4.10 (f). The 2P mode in Figure 4.10 is not the same as the 2P mode for VIV of a 
non-rotating cylinder. In the present 2P mode, two vortices in opposite directions are shed in every 
half period. In the typical 2P mode vortex shedding in the lower branch of VIV of a non-rotating 
cylinder, the sequence of the vortex shedding is such that two positive vortices are shed in the first half 
period and 2 negative vortices in the second half period (Govardhan and Williamson, 2000). By 
comparing the streaklines in Figures 4.7 to Figure 4.10, it can be seen that the vortices are strong in 
the non-lock-in regime, become weak in VIV-1 regime and strong as the reduced velocity changes 
from VIV-1 to VIV-3 regime.  
In the 2P mode, both the vortex shedding frequency and the dominant frequency of the lift 
coefficient are twice the vibration frequency. Although the period of the lift coefficient is half the 
vibration period, the difference between the lift coefficient in the first and second half vibration 
periods, which is caused by the difference in the vortex shedding, creates IMP-3 lift coefficient that 
synchronizes with the vibration frequency. The vibration amplitude is increased significantly in 
Regime VIV-3 because both the vibration frequency and the frequency of IMP-3 lift coefficient are 
closer to the natural frequency compared with other VIV regimes. It is also seen that IMP-3 of the lift 
coefficient is in phase with the vibration displacement Y. It is interesting to observe that the amplitude 
of vibration remains almost constant throughout the VIV-3 regime since the vortex shedding mode 
inside the VIV-3 is always 2P as discussed above. 
Figures 4.11 represents the flow structure of impulsive galloping response and the following VIV 
response cycles in the combined VIV and galloping (VG) regime. At the moment when the cylinder 
starts moving upwards and enters the galloping stage in Figure 4.11 (a), the diagonal aligned vortex 
street is similar to the VIV response vortex in Figure 4.10. During the upward motion of the cylinder 
until it reaches its highest position, many periods of vortex shedding can be seen in the wake of the 
cylinder, leaving a well-defined vortex street in Figure 4.11 (c) and (d). After the cylinder reaches its 
highest position, the long-distance downward motion of the cylinder also creates a vortex street in its 
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wake (see Figure 4.11 (e) and (f)). The vortex street is diagonally aligned since when the cylinder 
moves upwards or downwards, the flow velocity relative to the cylinder points towards bottom right 
or top right directions, respectively. The interesting upside-down ‘V’ shaped vortex street in Figure 
4.11 (e) is caused by the reversal of the cylinder at its highest position. 
 
 
Figure 4.10 Vorticity contours, streaklines and time histories of displacement and lift coefficient for 












































IMF-1 IMF-2 IMF-3 Y
A 
(a) tfn=23.73 (b) tfn=24.00 
(g) Time histories of Y and CL 
(c) tfn=24.27 (d) tfn=24.50 
(e) tfn=24.77 








Figure 4.11 Vorticity contours and time histories of displacement and lift force for α=4.9 and Vr=39. The arrows 
on the side of the cylinder stands for the direction of the cylinder’s motion and the symbols  and  on the 
side of the cylinder mean that the cylinder is at its highest and lowest positions, respectively 
             
        
     
      
       
           




































































(a) tfn=13.05 (b) tfn=13.44 
(c) tfn=13.64 
(d) tfn=13.82 (e) tfn=14.15 
(g) tfn=14.62 (h) tfn=15.00 
(f) tfn=14.46 
(i) tfn=15.31 (j) tfn=15.67 
(k) tfn=15.97 (l) tfn=16.26 
(m) Time histories of Y and CL 
(n) EEMD decomposition of CL 
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During (f) to (h) in Figure 4.11, the response of the cylinder transitions to VIV response with 2S 
vortex shedding mode and remain VIV until instant (l), after which the next round of galloping starts. 
Traditional galloping is a low-frequency, high-amplitude vibration due to instability, where a 
perturbation in the vibration direction is amplified because its induced force is in the direction of 
perturbation (Corless and Parkinson, 1988). To understand the correlation between the lift coefficient 
and the vibration, the vibration displacement, vibration velocity Vy=dY/dt and the lift coefficient are 
plotted together in Figure 4.11 (m) and the EEMD decomposition of the lift coefficient is shown in 
Figure 4.11 (n). Low frequency galloping is caused by time-averaged fluid force that is in phase with 
the motion velocity of the cylinder (Robertson et al., 2003). It can be seen in Figure 4.11 (m) that when 
the displacement of the cylinder increases from instant (a) to (d), the lift force relative to its mean value 
LL CC −  and the velocity of the cylinder Vy are both positive, indicating that the fluid force provides 
energy to the cylinder and causes the continuous increase in the displacement. When the velocity is 
increasing or decreasing during the galloping period, the lift coefficient has very high frequency IMF-
1, which is caused by the multiple vortex shedding. However, this high frequency IMF-1 does not 
leave any traces in the displacement Y because its frequency is very different from the vibration 
frequency.  
The high-frequency oscillation of the IMF-1 lift coefficient during the impulsive galloping period 
is the result of the high-frequency vortex shedding as shown in Figure 4.11 (a) to (c) to (e). It appears 
that the wake vortices are stronger when the cylinder moves from its highest position back to its mean 
position (Figure 4.11 (e)) as compared to when the cylinders moves from its mean position to its 
highest position (Figure 4.11 (c)). This cause both IMF-1 and IMF-2 lift coefficient when cylinder 
moves down greater than that when the cylinder moves up in Figure 4.11 (n). 
The vortex shedding frequency is significantly increased during the galloping stage because the 
galloping motion of the cylinder causes significant increase in the relative velocity of the cylinder to 
the fluid, in addition to the desynchronization between the vibration and vortex shedding. During the 
VIV period from (f) to (l) in Figure 4.11, the vortex shedding frequency is reduced significantly 
compared with that in the galloping stage. This allows the synchronization between the vortex 
shedding frequency and the natural frequency. The vibration displacement and the lift coefficient is 
roughly out-of-phase with each other in the VIV stage of the VG regime, instead of in phase as in all 
the VIV-1, 2 and 3 regimes. After instant (l) in Figure 4.11 (m), the lift coefficient starts increasing 
continuously and the next round of impulsive galloping starts.  
Figure 4.12 shows the streaklines corresponding to the case for Figure 4.11, i.e. α=4.9 and Vr=39. 
The vortices generated by VIV within the circle in Figure 4.12 have exactly the same pattern as the 
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one in Figure 4.11. When the cylinder moves up and down during the galloping, the wake vortex street 
is very similar to the Karman vortex street. The vortex street when the cylinder moves down is stronger 
than that when the cylinder moves up. This is in consisent with the vorticity contours shown in Figure 
4.11.  
Figure 4.13 (a) and (b) shows the plot of standard deviation (SD) of the lift coefficient ( LC ) and 
mean lift coefficient ( LC ) versus reduced velocity for rotation rates of α = 4.9, 5.0 and 5.1. The 
variation curves of LC  and LC  in the VG regime are not smooth because of the irregularity of 
impulsive galloping. It can be seen from Figure 4.13 (a) that the standard deviation of lift coefficient 
jumps at the boundaries between response regimes. In each of the three VIV regimes, the standard 
deviation decreases with the increase of the reduced velocity and suddenly increases as Vr cross the 
boundary of the regime and enters to a new VIV regime. By comparing Figure 4.13 with Figure 4.6, it 
should be noted that the decrease of LC  does not result in any decrease in the response amplitude. 
With further increase in the reduced velocity beyond the upper boundary of VIV-3 regime, there is a 
sharp increase in the SD of lift coefficient for all the rotation rates as the response enters VIV-galloping 




Figure 4.12 Streaklines for α=4.9 and Vr=39 when Y=Ymax and Ymin, which are presented by different 
colors 
 
Vortices generated by VIV 




The variation of the mean lift coefficient in Figure 4.13 (b) correlates well with the maximum 
displacement in Figure 4.6 (b). LC  experiences a significant increase at the lower boundary of every 
vibration response and then decreases gradually. The mean lift coefficient does not vary significantly 
as the reduced velocity increases from 2 to 40. Because the stiffness of the spring that mounts the 
cylinder decreases quadratically, the weak variation of the mean lift coefficient leads to quadratic 
increase of the cylinder’s deflection in the negative direction as shown in Figure 4.6 (a).  
      
 
 
Figure 4.13 Variation of the mean and standard derivation of the lift coefficient with the reduced 
velocity for α=4.9, 5 and 5.1 
 
 
4.5 Vibration response at Vr=25, 29 and 35 
In this section of the chapter, simulations are performed at three reduced velocities of Vr=25, 29 
and 35 and rotation rates in a wide range from 0 to 6 with an increment of 0.2 to investigate the effect 
of rotation rate on the vibration amplitude at high reduced velocities. The Reynolds number and mass 
ratio are the same as those used in Section 4.4. Figure 4.14 shows the time histories of the vibration 
displacement for Vr=25 and some representative rotation rates. Figure 4.15 shows the variations of the 
vibration amplitude and frequency with the rotation rate. To see small amplitudes clearly, Figure 4.15 
(b) and (c) show zoomed-in view of Figure 4.15 (a) in the vertical axis at different ranges of rotation 
rate.  
For a non-rotating cylinder with α=0, the amplitude of vibration is very small since the vibration 
is outside the lock-in regime. The vibration amplitude remains extremely small until α=1.6, beyond 
which vibration diminishes and the flow becomes steady. The extremely small amplitude of vibration 
is because of the suppression of the vortex shedding. It was reported that for a non-vibrating cylinder, 
vortex shedding is fully suppressed as α exceeds 2 until α=4.8 for Re=100 (Stojković et al., 2002, Kang 
et al., 1999). From Figure 4.14 (a), it can be seen that it takes at least 35 natural periods for the vibration 
to reach its equilibrium stage for α=2. Because the contribution of the vortex shedding is very small, 





























without external forces. The cylinder initially vibrates at a very small frequency and the amplitude at 
this frequency reduces slowly and finally becomes zero. After this, the cylinder vibrates with a very 
small amplitude and a much higher frequency, which is the same as the vortex shedding frequency. 
The rotation rate range of 6.10   is the non-lock-in regime and the maximum vibration amplitude 
in this regime is 0.024D.  
If the cylinder does not vibrate, the flow would remain steady in a wide range of rotation rate 
between 1.8 and 4.8 (El Akoury et al, 2008). It is interesting to see that the vibration amplitude remains 
zero only in a very small range of 2.28.1   and unsteady flow-induced lock-in occurs when the 
rotation rate exceeds 2.4 and ends at about α=4.4. This lock-in regime is defined as VIV-4 regime 
because the vortex shedding flow structure is very different to those identified in the three VIV regimes 
in the previous section and the traditional wake flow of a vibrating cylinder. VIV-4 regime covers 
majority of the vortex shedding suppression regime for non-vibrating cylinder. In VIV-4 regime, the 
vibration is nearly sinusoidal as shown in Figure 4.14 (b) and the vibration frequency is close to the 
natural frequency as seen in Figure 4.15 (d). The maximum amplitude of the vibration in VIV-4 regime 
occurs at the center of the regime and it is about 1.25D for Vr=25 and 1.17D for both Vr=29 and 35 in 
Figure 4.15 (c).  
It is interesting to see that after the amplitude of vibration reaches its minimum value at about 
α=4.6 and 4.8, it starts to increase again and jumps to very high values quickly. The significant increase 
in the vibration amplitude is because the vibration transitions to the combined vibration and galloping 
(VG) regime as seen in Figure 4.14 (e) and (f).  Before the vibration transitions to the VG regime, the 
vibration is periodic. In the VG regime, the amplitude of the vibration increases with the increase in 
the rotation rate. By comparing Figure 4.14 (e) and (f), it can be seen that the increase of the impulsive 
peaks of the displacement results in a decrease of the occurrence frequency of the peaks. The high 
amplitude peaks repeat themselves after every VIV period at α=5.2 and two VIV periods at α = 6. 
Figure 4.15 (e) is the variation of the mean position of the cylinder (Y ) with the rotation rate for 
Vr=25, 29 and 35. The magnitude of the negative mean position of the cylinder increases with the 
increase of α until α=4.8, after which it stops increasing. If the cylinder does not vibrate, the lift 
coefficient on the cylinder does not infinitely increase with the increase of α. It was previously proved 
that the lift coefficient stops increasing after it reaches its maximum value through experimental and 
numerical studies (Tokumaru and Dimotakis, 1993, Munir et al., 2019). The mean position of the 
cylinder stop increasing with the increase of the rotation rate at about α=4.8 because the mean lift 












Figure 4.15 Variation of the vibration amplitude, mean displacement and the vibration frequency 
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Figure 4.16 shows the flow structure of a typical case of Vr=25 and α=0.6 in the non-lock-in 
regime. Since the flow is outside the lock-in regime, the Kármán vortex street is similar to that of a 
non-vibrating cylinder. However, the mean position of the cylinder is negative because of the rotation. 
The phase difference between the displacement and the lift coefficient of the cylinder is 180°, which 
is the same as that of a non-rotating cylinder at high reduced velocities greater than the upper boundary 
of the lock-in regime (Khalak and Williamson, 1999). Since the rotation rate is less than 1, the particles 
released in Figure 4.16 (d) from the top side of the cylinder form vortices from the top side of the 
cylinder, instead of moving to the bottom side of the cylinder as for larger rotation rates.  
Figure 4.17 shows contours of vorticity and streaklines for a case with steady wake flow at Vr=25 
and α=2. In addition to having a negative mean displacement, the vortex flow in the wake of the 
cylinder is the same as the one in the wake of a non-vibrating cylinder at the same rotation rate. The 
separated shear layers from top and bottom sides of the cylinder extends far downstream the cylinder 





























(a) tfn=16.08 (b) tfn=16.20 
(c) Time histories of Y and CL 








Figure 4.18. Vorticity contours and streaklines for Vr=25 and α=3.2 
 
Figure 4.18 shows contours of vorticity and streaklines for Vr=25 and α=3.2, which is in the VIV-
4 regime. A distinguished phenomenon in Figure 4.18 is a vortex shedding process that involves three 
separated shear layers in the wake of the cylinder. The vortex shedding in the wake of the cylinder is 
so week that the vortices can only be clearly identified using a very small contour level of 0.01. In 






























(a) tfn=34.52 (b) tfn=34.80 












(g) Streaklines when Y=Ymax and Y=Ymin 
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positive below the cylinder and one negative above the cylinder. The significant increase in the rotation 
rate from 2 to 3.2 makes the negative shear layer extend to and separate from the lower side of the 
cylinder. As a result, the wake includes one positive shear layer sandwiched by two negative ones as 
shown in Figure 4.18. The interactions between the three shear layers make them sway up and down. 
In Figure 4.18 (a), the positive shear layer is attracted upward and the negative shear layer below it 
grows. After a weak positive vortex A is shed from the cylinder in Figure 4.18 (b), the positive shear 
layer is attracted downwards by the growing negative vortex below it, which allows the negative vortex 
B to be shed from the cylinder in Figure 4.18 (c). In the second half of the vibration period between 
(c) and (e) in Figure 4.18, the positive shear layer sways from bottom back to top again and another 
two weak vortices C and D are shed from the cylinder. Unlike the traditional vortex shedding, which 
involves two shear layers in the wake, the vortex shedding in the wake of the cylinder in Figure 4.18 
(c) is caused the interaction between three shear layers, and two pair of vortices are shed from the 
cylinder in one period of vibration instead of one. The three-shear layer vortex shedding in Figure 4.18 
is unique for an elastically mounted rotating cylinder with a high reduced velocity and a high rotational 
speed α in the secondary lock-in regime.  
Both streaklines in Figure 4.18 (g) and those in Figure 4.8 (g) are presented as wavy S-shaped 
pattern. However, the wavelength of the S-shaped streaklines in Figure 4.18 (g) seems longer than that 
in Figure 4.8. In addition, the degree of curvature in Figure 4.18 (g) is less than that in Figure 8 (g), 
resulting in much weaker vorticity.  
In Figure 4.19, where α is further increased to a value beyond the upper boundary of the secondary 
lock-in regime, the top negative shear layer on top of the cylinder seen in Figure 4.19 disappear and, 
as the results, only one positive and one negative shear layers exist and they are both generated from 
the bottom side of the cylinder. The interaction between these two separated shear layers causes vortex 
shedding. The vortex shedding mechanism is similar to that of the traditional Kármán vortex shedding. 
The negative and positive vortices are shed from the cylinder alternatively. After every vortex is shed 
from the cylinder, a new vortex in its opposite direction grows and is shed from the cylinder. For 
example, the shedding of negative vortex A from the cylinder in Figure 4.19 (b) allows the positive 
vortex B to grow and be shed from the cylinder in Figure 4.19 (c). The shedding of vortex B is followed 
by another negative vortex C growing and being shed from the cylinder. The response of the cylinder 
in Figure 4.19 is essentially galloping because the vortex shedding frequency is much higher than the 
vibration frequency of the cylinder. During Figure 4.19 (a) to (i), which is one vibration period, four 
pair of vortices (A-H) are shed from the cylinder. This type of vortex shedding was referred to as mode 
IV galloping response in a recent numerical study by Bourguet (2019) who observed it at α=3 and 
77 
 
Vr=20 when the angle between the incoming flow direction and vibration direction of the cylinder was 
100o.    
The time histories of the vibration displacement in Figure 4.14 show that the impulsive galloping 
does not occur until the rotation rate is increased to 5.6. The vortex shedding process in the impulsive 
galloping is the same as the one discussed in the previous section (see Figure 4.11 and Figure 4.12) 








































(a) tfn=27.76 (b) tfn=28.00 
(c) tfn=28.24 (d) tfn=28.48 
(e) tfn=28.72 (f) tfn=29.00 





































(j) Time histories of Y and CL 
(k) Streaklines when Y=Ymax  
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Figure 4.20 shows the variations of the standard derivation (SD) and mean lift coefficient for 
Vr=25, 29 and 35. To see the variation of the lift coefficient clearly, Figure 4.20 (b) is the same as 
Figure 4.20 (a) but with smaller vertical scale. The SD lift coefficient is zero in the range of 
4.28.1   because the flow is steady and the cylinder does not vibrate. In the range of rotation rate 
6.1 , the SD lift coefficients for the three reduced velocities are the same because the vibration with 
extremely amplitude does not have any effects on the flow. The lift coefficients for the three reduced 
velocities are very different from each other in the secondary lock-in regime and the galloping regime. 
It can be seen from Figure 4.20 (c) that the mean lift coefficients from the three reduced velocities are 
nearly the same. The magnitude of the negative mean lift coefficient stops increasing as α exceeds 4.8, 








The focus of this study is to investigate flow-induced vibration of a rotating cylinder at high 
rotation rates and high reduced velocities. Simulations are conducted first with three rotation rates of 
α=4.9, 5 and 5.1 in the secondary instability regime and a wide range of reduced velocities. Then FIVs 
of a rotating cylinder at high reduced velocities of Vr=25, 29 and 35 and a wide range of rotation rates 















































(c) Mean lift coeffient
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When α=4.9, 5 and 5.1 are considered, the range of the reduced velocity between 2 and 40 can be 
divided into four response regimes: VIV-1, VIV-2, VIV-3 and GV regimes. These regimes can be 
easily separated from each other because the vibration amplitude and the lift coefficient jump at the 
boundary between these regimes. Of the three VIV regimes, the vibration amplitude is the lowest in 
VIV-1 and the highest in VIV-3. The vortex shedding in VIV-1, 2 and 3, regimes are in 2S, T-S and 
2P modes, respectively.  
The vibration of the cylinder in VG regime is characterized by impulsive peaks due to impulsive 
galloping and VIV between these peaks. During each impulsive galloping stage, the long-period in 
phase between the lift coefficient and the velocity of the cylinder causes the displacement to increase 
continuously to its maximum value, which is referred to as impulsive peak. The vibration amplitude 
in the VG regime is significantly increased compared with those in the three VIV regimes mainly due 
to the impulsive peaks. Vortex shedding occurs both in the galloping stage and VIV stage, but its 
frequency in the galloping stage is significantly greater than that in the VIV stage. The occurrence of 
the impulsive peaks becomes more frequent and more periodic with the increase of the reduced 
velocity.  
Simulations for three high reduced velocities Vr=25, 29 and 35 and a wide range of rotation rates 
from 0 to 6 are conducted. In addition to the VG regime that occurs at high rotation rates, VIV is found 
to occur in a range of reduced velocity between 2.6 and 4.4, which is defined as VIV-4 regime. It is 
inferred based on the detailed analysis that using the flow condition of a non-vibrating cylinder to 
judge whether VIV would occur is not always correct, because otherwise if the cylinder does not 
vibrate, the flow at rotation rates in VIV-4 regime would be steady. A new 2P vortex shedding mode 
was observed in VIV-4 regime. The 2P vortex shedding is caused by the interaction between three 












Chapter Five: Numerical investigation of wake flow 
regimes behind a high-speed rotating circular cylinder in 
steady flow  
 
Flow around a high speed rotating circular cylinder for Re≤500 is investigated numerically. The 
aim of this study is to investigate the effect of high rotation rate on the wake flow for a range of 
Reynolds number. Simulations are performed for Reynolds numbers of 100, 150, 200, 250 and 500 
and a wide range of rotation rates from 1.6 to 6 with an increment of 0.2. Rotation rate is the ratio of 
the rotational speed of the cylinder surface to the incoming fluid velocity. A systematic study is 
performed to investigate the effect of rotation rate on the flow transition to different flow regimes. It 
is found that there is a transition from two-dimensional vortex shedding mode to no vortex shedding 
mode when the rotation rate is increased beyond a critical value for Reynolds numbers between 100 
and 200. Further increase in rotation rate results in transition to three-dimensional flow which is 
characterized by the presence of finger-shaped (FV) vortices that elongate in the wake of the cylinder 
and very weak ring-shaped vortices (RV) that wrap the surface of the cylinder. The no vortex shedding 
mode is not observed at Reynolds numbers greater than 250 since the flow remains three-dimensional. 
As the rotation rate is increased further, the occurrence frequency and size of the ring-shaped vortices 
increases and the flow is dominated by RVs. The RVs become bigger in size and the flow becomes 
chaotic with increasing rotation rate. A detailed analysis of flow structures shows that the vortices 
always exist in pairs and the strength of separated shear layers increases with the increase of rotation 
rate. A map of flow regimes on a plane of Reynolds number and rotation rate is presented.  
 
5.1 Introduction 
Extensive experimental and numerical research has been conducted to systematically study the 
transition of laminar to turbulent flow in the wake of circular cylinders (Zhao et al., 2013b; Thompson 
et al., 1996; Barkley and Henderson, 1996; Karniadakis and Triantafyllou, 1992; Hammache and 
Gharib,1991; Roshko, 1954b). Williamson (1996) presented a comprehensive review on steady and 
unsteady flow regimes in the wake of a circular cylinder as a function of Reynolds number. It has been 
well established that as the Reynolds number is increased beyond Re=47, flow in the wake of a circular 
cylinder becomes unsteady characterized by periodic shedding of vortices from the two sides of the 
cylinder, forming so-called von-Kármán vortex street. The wake flow remains two-dimensional until 
the Reynolds number exceeds about Re=190, where the primary vortices in the wake of the cylinder 
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begin to deform in to secondary three-dimensional vortices (Brede et al., 1996). These secondary 
vortices in the wake of the cylinder have a spanwise wavelength of around 3 to 4 cylinder diameters 
and is called mode A vortex shedding (Williamson and Roshko, 1988). As the Reynolds number is 
further increased to above Re=230-240, the three-dimensional wake flow transitions in to mode B, 
which is dominated by streamwise vortex pairs distributed along the cylinder span with a spacing about 
one-cylinder diameter (Wu et al., 1994, 1996a, 1996b). 
It is well-known that if the cylinder rotates around its axis, the asymmetric wake flow leads to a 
net lift force acting on the cylinder due to the Magnus effect (Prandtl,1926). In addition to the Reynolds 
number, the rotation rate α, defined as the ratio of the rotating speed of the cylinder surface to the free 
stream velocity, has a significant effect on the flow past a rotating cylinder (Chang and Chern, 1991). 
It was found that at low rotation rates (α<2), the vortex street in the wake of the cylinder is similar to 
von-Kármán vortex street and the vortex shedding is called mode I shedding (Stojković et al. 2002, 
Pralits et al., 2010). As the rotation rate α is increased beyond 2, the vortex shedding in the wake of a 
rotating cylinder is fully suppressed (Diaz et al., 1983; Badr et al., 1990; Chew et al., 1995; Chou, 
2000). Early studies on flow past a rotating cylinder were focused on the laminar flow regime (Tang 
and Ingham, 1991). Kang et al. (1999) investigated laminar flow past a rotating circular cylinder 
through numerical simulations and found that the critical α above which there was no vortex shedding 
increases with the increase in Reynolds number. The critical rotation rates for Re = 60, 100, and 160 
were found to be about 1.4, 1.8, and 1.9, respectively. Moreover, for rotation rates lower than the 
critical rotation rate, the Strouhal number remains nearly independent on the rotation rate. 
In addition to the mode I vortex shedding, similar to that observed in the wake of non-rotating 
cylinder, Stojković et al.(2002) were the first to find the existence of a second vortex shedding mode 
referred to as mode II shedding in the range of rotation rate of 4.8≤α≤ 5.15 at Re = 100. The two-
dimensional numerical study of Stojković et al. (2003) further confirmed the existence of this second 
mode in the Reynolds number range 60 ≤ Re ≤ 200. The second vortex shedding mode, also known as 
secondary instability regime, occurs over a narrow range of high rotation rate. In this regime, single-
sided vortex shedding occurs with a period much longer than the vortex shedding period in mode I 
vortex shedding (Pralits et al., 2010). The oscillation amplitude of the lift coefficient increases 
considerably in the secondary instability regime. Mittal and Kumar (2003) and Lu et al. (2011) found 
that for Re = 200, the wake flow remains stable for rotation rates in the range of 1.91≤α≤4.34, loses its 
stability at α≈4.35 and becomes stable again as the rotation rate exceeds 4.8. El Akoury et al. (2008) 
conducted detailed two-dimensional numerical simulations for Re≤500 and α ≤6 in which he concluded 
that the effect of higher Reynolds number was to bring about early transition to secondary instability. 
Lam (2009) studied flow past a rotating cylinder at Re = 3600–5000 and α ≤2.5 using flow visualization 
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and particle image velocimetry (PIV) measurements. It was found that the wake became increasingly 
narrow and deflected side-ways with increasing cylinder rotation rate and the formation length of the 
vortices decreased with increasing α, leading to a slight increase in the vortex shedding frequency. 
Limited number of studies has been carried out to investigate the development of three-
dimensionality in the wake of rotating cylinders. El Akoury et al. (2008) in addition to two-
dimensional numerical simulations performed three-dimensional direct numerical simulations (DNS) 
at low rotation rates of α<1.5. They found that the three-dimensional flow at high rotation rate became 
increasingly complex and the critical Reynolds number for two- to three-dimensional wake flow 
transition moved to a higher value. At α=0.5, the critical Reynolds number was found to be around 
220, and the flow remained two-dimensional at α=1.5 and Re=200. Mittal (2004) performed numerical 
simulations to study the three-dimensionality of flow past a rotating cylinder at Re=200 and a wide 
range of α from 0 to 5. It was found that the centrifugal instabilities exist along the entire span for the 
rotation rate α of 5. Tokumaru & Dimotakis (1993) investigated the influence of cylinder length-to-
diameter aspect ratio on the mean lift coefficient at Re=3800 and found that the aspect ratio affects the 
lift coefficient if it is too small.  
   Rao et al. (2013a, b) used linear stability analysis to study two- to three-dimensional transition of 
wake flow past a rotating cylinder at Reynolds numbers less than 400 and rotation rate α≤7. They 
observed that the three-dimensionality in the wake of a rotating cylinder resembled its stationary 
counterpart for α≤1. Five unsteady three-dimensional modes were found in the mode I shedding 
regime, and four three-dimensional modes were observed in the steady regimes of flow for α > 2. The 
experimentally observed flow modes by Radi et al. (2013) were in excellent agreement with those 
observed in the numerical simulations. Later, Navrose et al. (2015) performed a detailed linear stability 
analysis at 200≤Re≤350 to study the steady and unsteady modes associated with mode I shedding and 
mode II shedding for a range of α≤5. They found that spanwise length of the cylinder has considerable 
effect on the occurrence of modes. It was further observed that the mode E was the first unsteady 
associated with the start of the mode II shedding and as the rotation rate was further increased to α=3.5 
and Re=200, a combination of modes E and H were observed making the wake flow complex. 
Based on the above discussion, there are not enough studies through direct numerical simulations 
(DNS) on flow classification and vortex flow dynamics of high speed rotating circular cylinder. 
Although Navrose et al. (2015) conducted in-depth linear stability analysis of flow around rotating 
cylinder to study flow modes, the formation physics of different flow structures as a function of rotation 




In the light of above discussion, the aim of the current study is to investigate the effect of high 
rotation rate on the wake flow past a rotating circular cylinder for Reynolds numbers in laminar and 
turbulent flow regimes. To achieve this, wake flow structures are analysed to identify the transition 
between different flow regimes both as a function of rotation rate and Reynolds number; the identified 
flow regimes are mapped on the a α-Re map; the vortex generation and motion mechanism along the 
surface of the cylinder are analysed in detail to understand the flow dynamics of rotating cylinder at 
high rotation speed; and the effects of different flow regimes on the fluid forces of the cylinder are 
discussed. Numerical simulations are performed for a range of rotation rate from 1.6 to 6 with an 
increment of 0.2 and five Reynolds numbers of Re=100, 150, 200, 250 and 500. The length of the 
circular cylinder in the present study is 6.4 diameters of the cylinder.  
The rest of the chapter is arranged as follows: In section 2, the governing equations and the 
numerical model used in this study are presented. In section 3.1, a detailed analysis of the flow 
structures for Re=200 is presented to identify the different flow regimes as a function of rotation rate; 
the identified flow regimes for all the rotation rates and Reynolds numbers are mapped on a α-Re map. 
Next, the formation dynamics of flow structures at different flow regimes at Re=200 is studied in detail. 
In section 3.2, the detailed flow structures at Re=100, 200, 250 and 500 are presented and classified as 
a function of rotation rate. In section 3.3, time histories of lift coefficient at Re=200 and a range of 
rotation rate are presented, and comparison is made with the previous results. This is followed by 
discussion on the plots of the lift and drag coefficients as a function of rotation rate for a range of 
Reynolds number. Finally, conclusions are drawn in section 4.   
 
5.2 Numerical Method 
Figure 5.1 shows a sketch of the computational domain for simulating flow around a rotating 
cylinder. The cylinder rotates with an angular rotational speed of ω. The non-dimensional rotation rate 
α is defined as 𝛼 = 𝜔𝐷/(2𝑈) where D is the diameter of the cylinder and U is the incoming flow 
velocity. In the numerical simulation, the computational domain size in the axial direction of the 
cylinder is large enough to minimize the influence of domain size effect. It was reported that a cylinder 
length of 2D is enough for accurately predicting the fluid forces at Re=1000 (Lei et al., 2001). Gioria 
et al. (2011) investigated the effects of computational domain size in the spanwise direction on the 
flow around a circular cylinder at Re=400 and reported that the three-dimensional flow can be 
reasonably represented if L exceeds 6 diameters. In this study, the length-to-diameter ratio of the 








Figure 5.1 (a) Flow around a rotating cylinder; (b) Computational mesh near one end of the cylinder; (c) 
Comparison between the lift coefficients calculated from different meshes. The properties of different meshes 
are listed in Table 1 
 
The governing equations for simulating the flow are the incompressible continuity and Navier-
Stokes (N-S) equations. Direct numerical simulations through solving N-S equations is still 
challenging for complex flow with large Reynolds numbers (Sotiropoulos and Borazjani, 2009; 
Borazjani et al., 2008), it can accurately predict fundamental mechanisms of flow transition from 
laminar to turbulent flows at low Reynolds numbers. The time t, the coordinate xi (x1=x, x2=y, x3=z), 
the velocity component ui in the xi-direction and the pressure p are non-dimensionalized as DtUt /=
, Dxx /ii = , Duu /ii =  and 
2
ii / Upp = , respectively, where the prime stands for dimensional values 
and ρ is the density of the fluid. The non-dimensional incompressible continuity and N-S equations are 
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respectively, where the Reynolds number is defined as /Re UD=  and ν is the kinematic viscosity of 
























vortex shedding is defined as Strouhal number UfDS /t = , where f is the dimensional vortex shedding 
frequency.  
     The N-S equations are discretized using the Petrov-Galerkin finite element method developed by 
Zhao et al. (2009). By adding a streamwise upwind perturbation into the momentum equations, PG-
FEM overcomes the negative diffusion of the standard Galerkin method. The boundary conditions for 
the governing equations are as follows. A uniform flow with a unit non-dimensional velocity in the 
positive x-direction is given at the inlet boundary. At the outlet boundary, the gradient of the velocity 
in the x-direction is zero and the pressure is zero. At the top, bottom and the two side boundaries, 
symmetric boundary condition is employed, i.e. the velocity component perpendicular to the boundary 
is zero and those parallel to the boundary are calculated using the momentum equation. On the cylinder 
surface, no-slip boundary condition is employed, i.e., the fluid velocity equals the rotational speed of 
the cylinder surface in its tangential direction. 
The computational domain is divided into 1.1 million 8 node tetrahedral tri-linear finite elements 
and Figure 5.1 (b) shows the computational mesh around one end of the cylinder. The circumference 
of the cylinder is discretized into 96 elements and the mesh size in the radial direction is 0.002D on 
the cylinder surface. The three-dimensional mesh is generated from a stack of 64 layers of identical 2-
D meshes evenly distributed along the cylinder span. The non-dimensional size of the first layer of 
elements at the cylinder surface in the radial direction is defined as /1=
+
fuy  where uf is the 
friction velocity and Δ1 is the mesh size in the radial direction. The maximum y+ at the maximum 
rotation rate of α =6 is found to be less than 3. A time step of ∆t=0.002 was chosen for this study and 
the Courant number based on the smallest mesh size and the incoming flow velocity remains less than 
1. 
To quantify the effect of mesh density on the numerical results, simulations using three additional 
meshes of different densities are performed at α = 6 and Re=500, i.e. the maximum rotation rate and 
the largest Reynolds number in the present study. The properties of these meshes are listed in Table 
5.1, where ∆r, Nc, ∆z, and Nnode stand for the radial mesh size on the cylinder surface, the number of 
elements along the circumference of the cylinder surface, the mesh size along the cylinder span, and 
the total number of nodes of the mesh, respectively. The normal and dense-1 mesh have the same 
number of elements along the spanwise direction of the cylinder but different mesh densities on the 
xy-plane. The layers of the elements in the spanwise direction of dense-2 and dense-3 meshes are 
higher than that of the normal mesh. The time histories of the lift coefficient of the cylinder calculated 
from the four different meshes are compared with each other in Figure 5.1 (c). The lift and drag 
coefficients are defined as )2//( 2LL DLUFC =  and 𝐶𝐷 =  𝐹𝐷/(𝜌𝐷𝐿𝑈2/2), where FL and FD are the 
86 
 
total lift and drag forces on the whole cylinder, respectively. The lift coefficient is found to oscillate 
with time very irregularly, similar to the one observed for lift coefficient at Re=200 and α=4.5 reported 
by Navrose et al. (2015). Initially, the lift coefficients from all the meshes follows similar trend and 
are nearly the same until about t=10, after which they start to oscillate. Because the lift coefficient 
oscillation is very irregular, the curves in Figure 5.1 (c) are not repeatable and as a result, lift coefficient 
from different meshes are sometime out-of-phase with each other and sometimes in-phase with each 
other. Therefore, there are points in the time histories where the maximum and the minimum lift 
coefficients from different meshes become very close to each other when they are in-phase.  
 
Table 5.1: Meshes used in the mesh-dependency study for α=6 and Re=500 
Mesh ∆r/D NC ∆z/D Nnode 
Normal 0.002 96 0.1 1060608 
Dense-1 0.001 113 0.1 1804032 
Dense-2 0.002 96 0.0667 1590912 
Dense-3 0.002 96 0.5 2121216 
 
5.3 Results and discussion 
Three-dimensional numerical simulations are performed for Re=100, 150, 200, 250 and 500. For 
each Reynolds number, the rotation rate varies from 1.6 to 6 with an increment of 0.2. In the first part 
of this section, a detailed analysis of the flow structure for Re=200 is presented because all the 
identified flow regimes are found at Re=200. Later, the formation dynamics of flow structures at 
different flow regimes at Re=200 is studied in detail. In the second part of this section, the transition 
of flow structures as a function of rotation rate for Re=100, 200, 250 and 500 is discussed. In the last 
part of this section, lift and drag coefficients as a function of rotation rate are presented at different 
Reynolds number and comparison is made with the previous results. 
 
5.3.1 Re=200 
It is well-known that Re=200 is the critical Reynolds number where the flow in the wake of non-
rotating cylinder transitions from two-dimensional (2-D) to three-dimensional (3-D) in numerical 
simulations (Zhao et al., 2013b). The results for Re=200 are presented firstly because all the flow 
patterns around the cylinder found for other Reynolds numbers are observed at Re=200. Figure 5.2 
shows the selected two- and three-dimensional vortex flow patterns near the cylinder at Re=200 and a 
number of rotation rates from α=1.6 to 6. The vortex shedding patterns are presented by the eigenvalue 
λ2 of the tensor defined as D2 + Ω2, where D and Ω are the symmetric and anti-symmetric parts of the 
velocity-gradient tensor, respectively. The topology and geometry of vortex cores for various flow 
87 
 
conditions can be correctly presented using λ2 (Jeong and Hussain, 1995). It can be seen from Figure 
5.2 that circular vortices wrapped around the cylinder surface are observed at large rotation rates (
5.3 ). These circular vortices are referred to as ring-shaped vortices in this study. In order to have 
a clearer look at the ring-shaped vortices, the iso-surfaces of the vorticity in the tangential direction of 
the cylinder surface (referred to as tangent vorticity hereafter) are presented in Figure 5.3. The tangent 
vorticity is defined as 𝜔𝑇 = 𝜔𝑥 sin 𝜃 − 𝜔𝑦 cos 𝜃, where ωx, ωy and ωz are the non-dimensional 
vorticity in the x-, y- and z-directions, respectively, and θ is the angular position of a point on the x-y 
plane. Using Landau oscillator model, El Akoury et al. (2008) reported that the rotation of a cylinder 
delays the transition of the wake flow to three-dimensional flow at Re=200 to Re=219.8 when α=0.5. 
Rao et al. (2013a, b) and Navrose et al. (2015) performed linear stability analyses at Re≤400 and a 
wide range of rotation rates (α≤5) to study the flow transition from two- to three-dimensional flow. 
They identified different three-dimensional modes of instability associated with both unsteady flow 
(α≤2) and steady flow (α>2) at higher rotation rate. The effects of the rotation rate on the three-
dimensionality of the wake flow can be clearly seen in Figure 5.2. The flow at α=1.6 is two-
dimensional and vortices are periodically shed from both sides of the cylinder. This mode of periodic 
vortex shedding is defined as the 2-D Vortex shedding (VS-2D) mode also referred to as 2-D mode I 
vortex shedding. VS-2D mode is similar to the wake flow around a non-rotating cylinder but 
asymmetric. As the rotation rate is increased beyond a critical value, the vortex shedding is suppressed, 
and the flow becomes steady. This type of flow is referred to as 2-D steady state (SS-2D) mode in this 
study and the critical rotation rate for the flow transition from VS-2D to SS-2D mode for Re=200 is 
α=2.1. The VS-2D and SS-2D modes are the same as the ones reported in previous 2-D numerical 
studies (Lu et al., 2011). The wake flow at Re=200 remains SS-2D mode without vortex shedding in 
the range of rotation rate of  32.2  . Navrose et al. (2015) also found the steady state mode in 
this range of rotation rate in their DNS study conducted at Re=200.   
Zhao et al. (2013b) simulated flow past a non-rotating cylinder using the same numerical model 
and found that the flow at Re=200 is 2-D. It is interesting to observe that the rotation rate also delays 
the transition of the wake flow from two- to three-dimensional in the VS-2D and SS-2D modes. 
However, as the rotation rate is increased to α=3.2 (see Figure 5.2 (c)), the flow for Re=200 becomes 
weekly three-dimensional with the occurrence of so-called finger-type vortices where the elongated 
streamwise vortices are generated from one side of the cylinder and dominate the wake flow. These 
finger-shaped vortices (FVs) are distributed along the spanwise direction of the cylinder with almost 
equidistant from each other. The vortices are so weak in Figure 5.2 (c) that they can only be identified 
using iso-surfaces of very small eigenvalue of λ2= – 0.01. The vortex flow mode in Figure 5.2 (c) is 
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referred to as finger-shaped vortex (FV) mode. The so-called finger-shaped vortex (FV) mode was 
also found using linear stability analysis performed by Navrose et al. (2015) and they referred it as 
Mode E instability. It was found that FV mode is the first unstable three-dimensional mode as the 
rotation rate is increased beyond the boundary of the rotation rate range for steady state flow. The 
lower boundary of rotation rate for Mode E at Re=200 was found to be α=3.01 in Navrose et al. (2015), 
which is the same as the lower boundary of FV mode in this study. 
As α is increased to 3.5, ring-shaped vortices (RVs) generate and they wrap the cylinder surface 
as shown in Figure 5.2 (d). However, the RVs are still weaker than the FVs and the distribution of FVs 
along the cylinder span become irregular. With the increase in the rotation rate, the strength of the RVs 
increases and the FVs gradually becomes secondary. This is evident at α=5.4 and 6 where large RVs 
wrapped around the surface of the cylinder at different locations are clearly visible by the iso-surfaces 
of λ2= – 0.5 and no well-defined FVs exist. The vortex flow pattern with RVs is defined as RV mode 
in this study, regardless the RVs are stronger or weaker than the FVs. Mittal (2004) in his DNS study 
at Re=200 and α≤5 attributed the RVs to the centrifugal instabilities present along the entire span of 
the cylinder. However, he did not classify them in his study nor did he attempt to explain the physics 
of associated flow structures.  
To ensure the cylinder length of L=6.4 is sufficient to predict the three-dimensional flow 
structures, two additional simulations with a cylinder length of L=32 and α=3.2 and 5.4 are conducted 
and the predicted flow structures are shown in Figure 5.2 (g) and (h), respectively. The length of 32 is 
about 10 wavelengths and should be sufficient to capture key flow features, whose spanwise 
wavelength is about 3. The FV mode and the RV mode simulated using L=32 are the same as their 
counterparts obtained using L=6.4. There are 54 FVs along the L=32 cylinder span in Figure 5.2 (g), 
corresponding to a spacing of about 0.59, which is nearly the same as the FV spacing in Figure 5.2 (c). 
For α=5.4, the spacing between the RVs varies along the cylinder span, however, the maximum RV 
spacing in Figure 5.2 (h) is less than 6.4.  
Since the flow is 2-D for both VS-2D and SS-2D modes, the tangent vorticity is zero in both cases 
(Figure 5.3 (a) and (b)). By observing the iso-surfaces of ωT for Re=200 and α=3.2 in Figure 5.3 (c), 
it is conclusive that the tangential vorticities around the cylinder already occurs in the FV mode. 
However, the RVs are much weaker than the FVs and located very close to the surface of the cylinder, 
therefore they cannot be identified in Figure 5.2 (c). Further examination of iso-surface of the ωT 
revealed that the RVs distributed along the cylinder span are always in pairs, except near the ends of 
the cylinder. These RVs elongate from one side of the cylinder to form pairs of FVs which are 
equidistant from each other. Five and half pairs of FVs are observed over a span length of 6.4D which 
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corresponds to non-dimensional wavelength of around 1.1–1.2. This wave length agrees with the value 







Figure 5.2 Vortex shedding patterns at Re=200 represented by iso-surfaces of the second eigenvalue λ2 
(a) α=1.6, t=498.75, λ2=0.5 (b) α=3, t=715, λ2=0.01 (c) α=3.2, t=910, λ2=0.01
(d) α=3.5, t=493, λ2=0.01 (f) α=6, t=500, λ2=0.5
(a) α=1.6,  λ2= – 0.5                             (b) α=3, λ2= – 0.01                           (c) α=3.2, λ2= – 0.01 
 
  
(g) α=3.2, L=32, λ2= – 0.01           
 
  
(h) α=5.4, L=32, λ2= – 0.5           
 
  







Figure 5.3 Iso-surfaces of tangential vorticity ωT for Re=200 
 
As α increases from 3.2 to 3.5, the RVs which wrap around the cylinder surface remain in the 
proximity of the cylinder surface but not evenly distributed along the cylinder span. With further 
increase in the rotation rate beyond α=4, the three-dimensionality of flow is different from that for 
smaller α in the following ways. Firstly, the ring-shaped vortices become dominant over the finger-
shaped vortices. Secondly, the distribution of the ring-shaped vortices along the spanwise direction of 
the cylinder becomes irregular. Thirdly, RVs are found to move away from the surface of the cylinder, 
forming bigger rings. It is also observed that the vorticity in the tangential direction has increased 
drastically. This change in the flow structure at α≥4 has previously been reported through linear 
stability analysis by Rao et al. (2013a, b) and Navrose et al. (2015), who found the combination of 
mode E and H instabilities at α≥4.5 makes the flow irregular.  
Based on the above discussion, the vortex flow modes identified for Re=200 are summarized 
below: 
(a) α=1.6, t=498.75, ωT= 0.02
no ωT
(b) α=3.0, t=715, ωT= 0.02
no ωT
(c) α=3.2, t=910, ωT= 0.2
ωT=+0.02
ωT=-0.02
(d) α=3.5, t=493, ωT= 2
ωT=+0.02
ωT=-0.02





• VS-2D ( 2 ): 2-D wake vortex shedding similar to the vortex shedding from a non-
rotating cylinder 
• SS-2D ( 32.2  ): Wake flow is steady 2-D flow and there is no vortex shedding. 
• FV ( 4.32.3  ): Wake flow is dominated by 3-D FVs with very weak RVs wrapping 
the cylinder surface.  
• RV ( 65.3  ): Wake flow is characterized by the occurrence of RVs, whose strength 
increases with increasing α.  
The identified flow regimes for all the simulated Reynolds numbers (Re≤500) and α are mapped 
on the Re-α space in Figure 5.4. The flow is two-dimensional vortex shedding flow at α≤2 for Re=100, 
150 and 200 and α≤1.8 for Re=250. If vortices are periodically shed from both sides of the cylinder 
and the flow is two-dimensional, the flow mode is referred to as VS-2D mode. Although periodic 
vortex shedding takes place at Re=500 and α≤2, the flow in the wake of the cylinder is three-
dimensional and is referred to as VS-3D. As the rotation rate is increased further and Re=100 to 200, 
flow transitions from VS-2D mode to SS-2D mode. The critical rotation rate for transition of the flow 
to no-vortex shedding regime in the previous 2D numerical results by El Akoury (2008) was found to 
be in good agreement with the ones obtained in the present study at Re≤200. The SS mode is not 
observed at Re≥250 due to the three-dimensionality of flow. It can be seen that with Reynolds number 
decreasing, the range of α for SS-2D mode become broader and FV mode occurs at higher rotation 
rates. As seen previously in Figure 5.3, the three-dimensionality of flow starts with the occurrence of 
FVs in the wake of the cylinder accompanied by very week RVs. The FVs become irregular with 
further increase in the rotation rate whereas the RVs increase in strength and begin to move away from 
the cylinder. The flow structures at large rotation rates are dominated by RVs and the critical rotation 
rate between FV and the RV modes in Figure 5.4 decreases with increasing Reynolds number. It is 
worth noting that FVs are not observed at Re=500. At higher rotation rate, the flow becomes very 
irregular and chaotic with irregular distribution of large RVs along the spanwise direction of the 
cylinder. An interesting phenomenon observed at Re=100 is the occurrence of two-dimensional 
secondary instability (SI-2D) at α=5.2 and secondary SS-2D mode at α=5.4. SI-2D mode is a typical 
flow mode that has previously been observed at Re=100 for a very small range of α (Lu et al., 2011). 
The flow at Re=100 transitions into 3-D RV mode as α exceeds 5.5 because the instability of the flow 
increases with increasing α. This results in significant increase in the three-dimensionality of flow. The 
secondary SS-2D mode and SI-2D mode are not found at Re=150 and above. The detailed motion of 
the vortices for different flow modes for Re=200 are discussed in detail in this section and the flow 
modes for all other Reynolds numbers will be discussed in Section 5.3.2.  
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The dynamics of the FVs and RVs can be explained by Figure 5.5 that shows the iso-surfaces of 
2.0T =  for the FV mode at Re=200 and α=3.2. Five whole pairs of tangent vortices (labelled as A 
to E, respectively) are observed along the span wise direction of the cylinder, excluding the single 
tangent vortex at the bottom end of the cylinder as shown in Figure 5.5. The tangent vortices  elongate 
in the wake of the cylinder forming FVs mainly from one side of the cylinder. As a result, five pairs 
of FVs exist in the wake of the cylinder. At t=900, Figure 5 (d) shows that the two vortices are close 
to each other within each of pairs A, B, C and E and separated from each other in pair D. The two 
vortices in a pair slide periodically towards and away from each other along the surface of the cylinder, 
which can be clearly seen in Figure 5.5 (d) to (f).  For example, the two vortices in vortex pair D, 
which are very separated from each other at t=900, become close to each other at t=905 and separated 
from each other again at t=910. The repetitive separation and closeness between two vortices occurs 
within every vortex pair and is found to be periodic. Every time after the distance between two RVs in 
a pair reaches its maximum, the two RVs start to move towards to each other and vice versa. It is also 
observed that whenever the two RVs in a pair are close to each other, their corresponding FVs shrink 
in size, and whenever they separate from each other the FVs grow in size. The single vortex at the 
bottom end of the cylinder does not change its position and remains isolated all the time. 
 
  





















When Re=200 and α=3.2, the ring shaped vortices develop near the cylinder surface. However, 
they are found to be too weak to be seen in the flow field. To illustrate the correlation between the RV 
distribution along the cylinder span and the pressure on the cylinder surface, perturbation velocity and 
pressure are defined as ),,,(),,,(),,,( pwvupwvupwvu −= , where the prime stands for the 
perturbation part and the overbar stands for temporal-spatial averaged value over time and cylinder 
span. Figure 5.6 (a) shows the streamlines based on the perturbed velocity and the contours of the 
perturbation tangent vorticity 
T  on the y-z plane, Figure 5.6 (b) shows the contours of p  and 
streamlines, and Figure 5.6 (c) shows the temporal and spatial evolution of p  along the line of x=0 




Figure 5.5 Three-dimensional vortex shedding patterns of iso-surface of tangential component of 























(d) t=900, back view (e) t=905, back view (f) t=910, back view
94 
 
         
 
Figure 5.6 (a) Streamlines contours of 
T  based on the perturbation velocity on the y-z plane at 
t=905; (b) Streamlines based on the perturbation velocity and contours of pressure pon the y-z plane 
at t=905; (c) Temporal and spatial evolution of p  along the line x=0, y=0.51D for Re=200 and α=3.2 
 
Five and half vortex pairs can be clearly identified in Figure 5.6 (a) and they are nearly evenly 
distributed along the cylinder span. There are shear layers between the vortex pairs and the cylinder 
surface. The wavelength of the undulation of the pressure distribution along the cylinder span is the 
same as the distance between two neighbour vortex pairs in Figure 5.6 (b). Immediately above the 
cylinder surface, the perturbation velocity follows the perturbation pressure gradient in the z-direction. 
The convergence of the streamline in the low pressure zone makes the shear layer roll up, forming two 
y                                                     y  
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recirculation zones in opposite directions. As a result, the centre of each vortex pair is a low p  zone 
where streamline converge (see Figure 5.6 (b)). 
The centres of the five RV pairs A to E in Figure 5.6 can easily be correlated to the low pressure 
stripes in Figure 5.6 (c). The spatial distribution of vortex pairs along the cylinder makes the pressure 
fluctuate periodically along the spanwise direction of the cylinder. The periodic separation and 
closeness of the two RVs in each vortex pair makes the pressure also varies with time periodically. 
Whenever the two RVs in a vortex pair become close to each other, the pressure on the cylinder surface 
between them decreases and vice versa. Based on the periodic variation of the pressure with time in 
Figure 5.6 (c), it can be concluded that the motion of the RVs along the spanwise direction of the 
cylinder is periodic. It is also found based on Figure 5.6 (c) that the variations of the pressure in stripes 
A and D are out of phase with those of the rest pressure stripes, indicating that the motion of all the 
vortex pairs are not synchronized. It is further observed that the stripes in Figure 5.6 (c) remain almost 
straight and do not vary significantly along the t-z plane, indicating that the vortices oscillate about 
fixed mean positions.  
Each low pressure stripe in Figure 5.6 (c) along the t-z plane corresponds to a streamline 
contraction point in Figure 5.6 (a) located at the centre of the two RVs in a pair, and each high pressure 
stripe corresponds to the centre of the two adjacent RV pair, which is a stagnation point in Figure 5.6 
(a).  
 
Figure 5.7 Contours of the oscillatory sectional lift coefficient on the t-z plane 
 
Figure 5.7 shows the contours of the sectional lift coefficient on the t-z plane for Re=200 and 
α=3.2. The sectional lift coefficient on a location of z is defined as )2//()()( 2LL DUzFzC = , where 
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the sectional lift force FL(z) is calculated by integrating the pressure and shear stress over the 
circumference of the cylinder at z. The mean value of all the sectional lift coefficients on the cylinder 
span are negative because the rotation of the cylinder causes asymmetric flow. However, the sectional 
lift coefficient, which was nearly constant before t=300, starts to oscillate about negative mean values 
as t>300, indicating that flow transition to 3-D starts at 300t . The oscillation of the pressure on the 
cylinder caused by the oscillatory motion of the vortices along the cylinder span results in the 
oscillation of the sectional lift coefficient. The frequencies of the oscillation of the sectional lift 
coefficient in Figure 5.7 and the oscillation of the pressure coefficient in Figure 5.6 are the same. The 
time history of the lift coefficient on the whole cylinder (referred to as lift coefficient hereafter) is 
shown on top of the pressure contours in Figure 5.7. Since the oscillation of all the sectional lift 
coefficients along the entire span of the cylinder have random phases (sometimes in phase and 
sometime out of phase with each other), the lift coefficient on the whole cylinder is nearly constant 
and does not oscillate. 
Although the two vortices in each vortex pair may become closer or away from each other 
periodically, the mean position of the vortex pair does not change at Re=200 and α=3.2 since the vortex 
pair always oscillate about its fixed mean position. As the rotation rate is increased to α=3.5 and the 
Reynolds number remains fixed at Re=200, the RVs become much more dynamic and distributed 
irregularly on the cylinder span. When α is increased from 3.2 to 3.5, the tangent vortices become 
strong enough to be identified using the full velocity, instead of the perturbation velocity. Figure 8 
shows the iso-surfaces of 1T   for Re=200 and α=3.5, Figure 5.9 shows the contours of the tangent 
vorticity ωT on the y-z plane and Figure 10 shows the evolution of the pressure coefficient along the 
vertical line of x=0 and y=0.51 for the same case. The vortex pairs on the cylinder labelled as A to D 
in Figure 8 are not distributed evenly along the cylinder span.  In Figure 5.8 (a), the two RVs in pair B 
have the largest gap between them. In addition to the vortex pairs, two single vortices are also present 
at the two ends of the cylinder, respectively. The four pairs of RVs correspond to the four pairs of 
vortices on the y-z plane in Figure 5.9. Compared with those for α=3.2, the vortex pairs in Figure 9 are 
found to move away from the cylinder surface in the radial direction. For instance, the two RVs in pair 
B in Figure 5.9 grows as t increases from 477.5 to 480. The new pair F develops under pair B, pushes 
pair B outside the cylinder surface at t=482.5 and become the dominant vortex pair at t=485. Similarly, 
the growth of vortex pair E and G makes vortex pair A and C move outwards and dissipate, 
respectively. Another interesting phenomenon of the vortex motion at α=3.5 is the regrouping of the 
vortices. Taking the time from t=482.5 to 485 as an example, one RV from pair F and one RV from 
pair G regroup together, forming a new pair. At t=482.5, the RV with positive ωT is on top and the RV 
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with the negative ωT is on the bottom in each of pairs F and G. After the dissipation of the outer layer 
vortices and regrouping of the newly grown vortices, the RV with positive ωT is at the top side of each 
pair at t=485 for pairs F‒G+ and E‒F+. The regrouping of the vortex pairs only occurs at the second 
layer of the vortices from the cylinder surface. The generation of new RVs, dissipation of the old RVs 
and regrouping of the vortex pairs happens continuously and periodically. This can be proven by the 
pressure distribution on the t-z plane in Figure 5.10.  
 
Figure 5.8 Three-dimensional vortex shedding patterns of iso-surface of tangential component of 
vorticity 1T =  at Re=200 and α=3.5 
 
Figure 5.9 Contours of the tangent vorticity ωT on the y-z plane for Re=200 and α=3.5. The 




















































































t=477.5 t=480 t=482.5 t=485 t=487.5 t=490
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The pressure coefficient distribution for α=3.5 and Re=200 in Figure 5.10 is in a staggered 
arrangement like fish scales, instead of stripes as that for α=3.2 and the same Re=200. The staggered 
distribution of positive and negative streamwise vortices on the cylinder span, which is due to the 
movement of the vortices in radial direction as shown in Figure 5.9, results in the undulation of the 
pressure along the z-direction in Figure 5.10. The maximum pressures are in a staggered arrangement 
in time because of the continuous regeneration of new RVs from the cylinder surface. It is found in 
Figure 5.6 (a) that maximum or minimum pressure on the cylinder surface occurs at the boundaries 
between two vortices. On the y-z plane, a maximum pressure occurs between two vortex pairs with 
one negative vortex on top and one positive vortex on bottom, while a minimum pressure occurs 
between two vortex pairs with one positive vortex on top and one negative vortex on bottom. The local 
high pressures caused by vortex pairs E+E‒, B+A‒, etc. are marked on the pressure contours in Figure 
5.10. For example, at t=477.5 the two vortex C‒ on top and C+ on bottom create a minimum pressure 
at about y=2.1. G‒ and G+ grows between t=477.5 and 482.5 and replace C‒ and C+. Because every 
newly generated vortex on the bottom layer have an opposite direction to that of the vortex on top of 
it, C‒ on top and C+ on bottom at t=477.5 are followed by the G+ on top and G‒ on bottom at t=482.5, 
correspondingly, the minimum pressure at about y=2.1 will be followed by a maximum pressure at the 
same location. This alternative occurrence of minimum and minimum pressures at a fixed location 
results in the fish-scale-shaped pressure distribution in Figure 5.10.  
 
 
Figure 5.10 Temporal and spatial evolution of the pressure along the line x=0, y=0.51 at Re=200 and 














Compared with that for α=3.2, the strength of RVs for α=3.5 is much stronger. The RVs for α=3.2 
are too weak to be seen from the iso-surfaces of λ2 in Figure 5.2 (c) because they are overwhelmed by 
the streamwise FVs. The increase in the strength of the RVs at α=3.5 make RVs visible from the iso-
surface of λ2 in Figure 5.2 (d). In the RV mode, the RVs are repetitively generated from the surface of 
the cylinder, grow in size, move outwards in the radial direction and finally dissipate as they move far 
away from the cylinder. At Re=200 and α=3.5, the generation and dissipation of RVs at a particular 




Figure 5.11 Iso-surfaces of λ2= –1  and the contours of the tangent vorticity ωT for Re=200 and α=6 
 
The strength and outward motion of the RVs in the radial direction observed at Re=200 and α=3.5 
is found to be enhanced with increasing α. Figure 5.11 shows the iso-surfaces of λ2= ‒1 together with 
the contours of the tangent vorticity ωT for Re=200 and α=6, where the motion of the RVs in the radial 
direction can be literally seen. The RVs are found to be in pairs generally except at the two ends of the 



























both in strength and diameter as times passes by, and finally dissipate as it grows big enough. At t=480, 
RV pair B and the single RV at the top end has fully grown in size whereas RV pair A has just started 
to evolve and RV pair C is growing in size. The outward motion of RV pairs A and C as they are 
growing can be clearly seen by observing their positions at Figure 5.11 (b) and (c). Although every 
RV pair dissipates at some stage, some RV pairs exists longer than others. For example, RV pair A, 
which started at t=480 and dissipate at t=490, has a non-dimensional life span of about 10, while RV 
pair F only exist for about non-dimensional time of 5, i.e. started at t=480.25 and disappeared at 
t=487.5. The arrangement of the RV pairs at large α is very irregular, the generation of new RV pairs 
usually occurs between two RV pairs with large distance between them. An example is the generation 
of RV pair A between pairs B and C. This generation of RV pair A forces RV pair B to move towards 
the end of the cylinder where it is finally dissipated in the wake of the cylinder. 
 
5.3.2 Re=100, 250 and 500 
In this section, flow structures corresponding to Re=100, 250 and 500 in the context of Figure 5.4 
is discussed and compared with the flow structure at Re=200. The flow patterns identified in the 
previous section at Re=200 are also found for Re=100 and the range of rotation rates as can be seen in 
Figure 5.4. Figure 12 shows the vortex flow patterns for Re=100 at different α represented by the 
eigenvalue λ2. The flow pattern is in VS-2D mode for α=1.6 and SS-2D mode as α=3.4 (El Akoury et 
al., 2008; Mittal et al., 2003). However, there are some differences in the flow structures in terms of 
the characteristics of the vortices at Re=100 from those at Re=200 at higher rotation rate where the 
flow becomes three-dimensional. For example, the length and the number of the FVs at Re=100 and 
α=3.8 which is the starting α of three-dimensionality for Re=100 in Figure 5.12 (c), are much shorter 
and fewer as compared to Re=200. The flow remains in the FV regime until α=5. It is interesting to 
see that at α=5.2 and 5.4, the flow transitions in to SI-2D and SS-2D modes, respectively, instead of 
changing to RV mode, which starts from α=5.6. To further demonstrate that the flow is intrinsically 2-
D, simulations for a long cylinder with L=32 and α=5.2 and 5.4 are performed using the 3-D flow at 
α=5 as the initial conditions. The flow finally transitions from the initial 3-D to 2-D as shown in Figure 
5.12 (l). If α is in near the lower boundary of the RV mode, the RVs are very sparsely distributed along 
the cylinder span as shown in Figure 5.12 (i). At α=5.6, there are only two pairs of RVs along the 
cylinder, one pair located at the centre and two isolated RVs at the two ends of the cylinder as shown 
in figure 5.12 (i). When α is increased to 6, there are multiple RVs along the cylinder in Figure 5.12 
(j). The FVs near the top boundary of the FV regime are also very sparsely distributed along the 
cylinder as shown in Figure 5.12 (f), where α=5. It is expected that the distance between FVs can be 
greater than the simulated length of the cylinder. To investigate the effect of length on the interval 
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between two pair of FVs and to have a better understanding of how FVs are distributed along a long 
cylinder span, a separate simulation of flow past a rotating cylinder with a non-dimensional length of 
32, Re=100 and α=5 was conducted and the vortex flow structure are presented in Figure 5.12 (k). The 
FVs are found to be distributed sparsely without a constant spacing. The maximum non-dimensional 







(l) α=5.2,  λ2=−0.01 , L=32 
                                        
 
Figure 5.12 Iso-surfaces of λ2 for Re=100 and different α 
 
Another difference between the RVs at Re=100 in comparison to Re=200 is that the sizes of the 
RVs are much larger when α is small in the RV regime. Figure 13 shows the streamlines and contours 








(e) α=4.8,  λ2=−0.01              (f) α=5, λ2=−0.01                      (g) α=5.2,     (h) α=5.4           (i) α=5.6, λ2=−0.5  
                                                                                                    λ2=−0.01,   λ2=−0.01, 




















of ωT on the y-z plane for Re=100 and α=5.6. The size of the RVs on the y-z plane for Re=100 is much 
greater than that for Re=200. The large dimension of the RVs increases the distance between the centres 
of RVs and the cylinder surface which in turn increases the RV diameters. It is also the reason why the 
distances between the RVs for Re=100 are large. In Figure 5.13, the RV pair occupy nearly the whole 
span of the cylinder. Although the size and number of the RVs are different, the formation mechanism 
and the characteristics of the RVs for Re=100 in the RV regime are the same as those for Re=200.  
 





Figure 5.14 Iso-surfaces of λ2 for Re=150 and different α 
(a) α=2, λ2=−0.05                  (b) α=2.2,       (c) α=3.2      (d) α=3.4, λ2=−0.01                (e) α=3.8, λ2=−0.01 









(f) α=4.2, λ2=−0.01       (g) α=4.4, λ2=−0.05     (h) α=4.6, λ2=−0.5     (i) α=4.7, λ2=−0.5           (j) α=5.6, λ2=−0.5 
 
 






Figure 5.14 shows iso-surfaces of λ2 for Re=150 and different α. From the vortex flow patterns, it 
can be concluded that the flow change from VS-2D to SS-2D mode as α increases from 2 to 2.2; from 
SS-2D to FV mode as α increases from 3.2 to 3.4; and from FV to RV mode as α increases from 4.2 
to 4.4. At α=4.4, RVs form FVs become much weaker than α=4.2. Compared with Re=100, the spacing 
between FVs in the FV mode is decreased. The secondary SS-2D mode between the FV and RV modes 
identified for Re=100 does not exist as Re is increased to 150. Similar to that for Re=100, the number 




Figure 5.15 Iso-surfaces of λ2 for Re=250 and different α 
 
 
Figure 5.15 shows the iso-surfaces of λ2 for Re=250 and different α. It can be seen from Figure 
5.15 (a) and (b) that as α is increased from 1.8 to 2 the flow transitions from VS-2D mode to FV mode 
directly and the SS-2D mode that has been observed at Re=200 is skipped. The FVs in the FV mode 
occur in the rotation rate range of 6.22.2   and are found to be irregularly arranged along the 
cylinder spanwise direction at large rotation rates, but still present as streamwise vortices. As α is 
increased to 2.8, RVs are observed around the surface of the cylinder and similar to those for Re=200, 
their strength increases with increasing α.  It can clearly be observed by comparing Figure 5.2 and 
Figure 5.15 that the flow becomes more chaotic as Reynolds number is increased to Re=250 in the 
same range of rotation rate. Figure 5.16 shows the iso-surfaces of λ2 for Re=500 and different α. For 
Re=500, vortex shedding flow in the range of 2  is three-dimensional and the flow mode is defined 


















as VS-3D. The vortex shedding disappear as 2.2 , where RVs occur along the span of the cylinder. 
It can be seen in Figure 5.16 (b) that very weak RVs begin to form around the cylinder along with 
some streamwise vortices in the wake at α=2.2. However, wake vortices are not predominately aligned 
in the x-direction as in the FV mode. The flow at α=2.2 is deemed to be in RV mode because of the 
occurrence of RVs. At Re=500, the flow changes from VS-3D mode to RV mode directly and the FV 
mode is skipped. It is further found that the strength and the diameter of RVs increases with the increase 
in the rotation rate. An additional simulation for Re=500 and α=4.5 with a cylinder length of 32 is 
conducted and the flow structure for L=32 shown in Figure 5.16 (i) is the same as the one for L=6.4 in 
Figure 5.16 (g). The cylinder length of L=6.4 is sufficient to predict the three-dimensional flow 







Figure 5.16 Iso-surfaces of λ2 for Re=500 and different α 
(a) α=2, λ2=−0.5                    (b) α=2.2, λ2=−0.5                    (c) α=2.4, λ2=−0.5                 (d) α=2.6, λ2=−0.5 
 
 




(e) α=3, λ2=−0.5              (f) α=3.8, λ2=−0.5                         (g) α=4.5, λ2=−0.5                         (h) α=6, λ2=−0.5 
 
 




(i) α=4.5, L=32, λ2=−0.5               
 
 






Figure 5.17 shows the evolution of the pressure coefficient along the line of y=0.51 and x=0 for 
Re=500 and α=3.2. The fish-scale like, staggered pressure distribution in Figure 5.16 is similar to that 
shown in Figure 5.10 for Re=200, indicating that the vortex dynamics near the cylinder in the RV mode 
for Re=500 and 200 are similar to each other. At a specific moment, the wave number of the pressure 
distribution along the cylinder span in Figure 5.17 is greater than that in Figure 5.10, indicating that 
the number of RV pairs for Re=500 is greater than that for Re=200. Based on the above discussion, it 
is found that for the range of rotation rate considered, the strength of the three-dimensionality increases 
with the increase of Reynolds number. The number of pairs of FVs and RVs also increases with the 
increase in rotation rate and also Reynolds number. The effect of the increase of the Reynolds number 
is to bring about an early transition of flow mode as can be seen in Figure 5.4. Due to the increase in 
the three-dimensionality of flow at higher Reynolds number, some of the flow modes are bypassed, 
for example the SS-2D mode are not observed at Re≥250 and the FV mode is not observed at Re=500. 
 
Figure 5.17 Temporal and spatial evolution of the pressure coefficient along the line x=0, y=0.51 at 
Re=500 and α=3.2 
 
5.3.3 Force coefficient 
Figure 5.18 (a) shows the selected time histories of lift coefficient for a range of rotation rate for 
Re=200 and in comparison with the 2-D numerical results by Lu et al. (2011) and 3-D numerical results 
by Navrose et al. (2015). The lift coefficients are negative due to Magnus effect caused by the rotation 
of the cylinder. The 2-D and 3-D numerical results of the lift coefficient for 3  are the same because 
the flow is 2-D. The mean lift coefficient at α=3.5 and 4.5 in the present numerical study is slightly 





18 are significantly different from each other. The vortex flow is in 3-D RV mode in this study and 
Mittal (2004) who found centrifugal instabilities along the span of the cylinder, while it is found to be 
in a steady state 2-D flow in Navrose and Mittal (2015). The length-to-diameter aspect ratio of the 
cylinder used in this study, Mittal (2004) and Navrose and Mittal (2015) are 6.4, 5 and 12, respectively. 
Both the lift coefficient and the 3-D flow structure in this study agree with those in Mittal (2004) 




Figure 5.18 (a) Time historis of the lift coefficient together with other numerical results; (b) Time 















2-D model, Lu et al. (2011)






















































To see the effects of the cylinder length on the force coefficients, the time histories of the drag 
and lift coefficients for two cases with strong three-dimensionality of flow calculated from L=6.4 and 
32 are shown in Figure 5.18 (b) and (c), respectively. The mean values of drag and lift coefficients for 
L=6.4 are very close to their counterparts for L=32, respectively, indicating that L=6.4 is sufficient for 
obtaining satisfactory results of force coefficients.   
It is well-known that the change in the lift force and vortex shedding patterns are used to identify 
different flow regimes (Carberry et al., 2001). The lift coefficient oscillates periodically with a constant 
amplitude at α=1.6 as a result of periodic vortex shedding from both sides of the cylinder as seen in 
Figure 5.18. The amplitude of the lift coefficient decreases with increasing rotation rate and becomes 
zero at α=2.2. The amplitude of the lift coefficient remains close to zero till α=3 indicating suppression 
of vortex shedding. The range of rotation rate from 2.2≤α≤3 is SS-2D regime. Although, the amplitude 
of lift coefficient remains close to zero as α is increased beyond 3, very small oscillations in lift force 
are observed in the times histories of lift coefficient of Figure 5.18, which is due to the dynamic motion 
of ring-shaped and finger-shaped vortices in the wake of the cylinder. It was also shown in Figure 5.7 
that due to the random phases of sectional lift coefficient along the entire span of the cylinder (mostly 
out of phase with each other), very weak oscillation of the total lift coefficient is observed at this range 
of rotation rate. This indicates the inception of very week three-dimensional flow and vortex shedding 
in the wake of the rotating cylinder. The inception of three-dimensionality of flow is characterized by 
observation FV mode. As α exceeds 4.4, the lift coefficient starts to oscillate with large amplitude 
again till α=6. It is also observed from the time histories of the lift coefficient that the amplitude of the 
lift coefficient is very irregular inside the RV regime as a result of very chaotic and irregular vortex 
shedding in this range of rotation rate. The lift coefficient oscillates about a negative mean position 
throughout the range of rotation rate due the Magnus effect caused by the rotation of the cylinder. 
Figure 5.19 (a) and (b) show the variations of the mean lift and drag coefficients DC  and LC  
(averaged over time) with α. It can be seen that the magnitude of the mean lift coefficient increases 
with increasing α until some critical value, above which the lift coefficient remains nearly unchanged. 
Based on the potential theory, Prandtl (1926) reported that lift coefficient increases with increasing α 
until it reaches a maximum value of 6.124   and stop increasing after then. By conducting 
experiments, Tokumaru and Dimotakis (1993) proved Prandtl’s prediction of the existence of a 
maximum lift coefficient but their experimental maximum lift coefficient is much smaller than the 
theoretical value based on the potential theory. The maximum lift coefficient || LC observed in the 
present study is found to decrease with increasing Reynolds number. It is about 30 at Re=100 and 
about 18.4 at Re=500, which is much greater than Tokumaru’s experimental result for Re=3800. The 
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mean drag coefficient first decreases with increasing rotation rate and remains almost close to zero 
inside the SS-2D mode and FV mode after which there is a profound increase in the drag coefficient 
with rotation rate inside the RV mode.  
 
 



























Re=3800, Tokumaru and Dimotakis (1993)

































































The three-dimensionality of the flow makes the pressure vary along the cylinder span, resulting in 
strong variation of the force along the cylinder span especially when the three-dimensionality is strong. 
The difference between the total lift coefficient and the sectional lift coefficient at three locations of 
z/L=1/4, 1/2 and 3/4 for some typical cases can be clearly seen from the time histories of these lift 
coefficients in Figure 5.20. The total drag and lift coefficients are those calculated based on the total 
force on the whole cylinder. The flow in the case of Re=100 and α=5 is in the RV regime with weak 
RVs occurring sporadically along the cylinder span (see the flow pattern in Figure 5.12). It can be seen 
in Figure 5.20 (a) that the sectional lift coefficient in this case are only slightly different from the total 
force coefficient because the three-dimensionality is weak. The amplitudes of both the sectional and 
total lift coefficients in the FV regime are small as shown in Figure 5.20 (b). The strong difference 
between the sectional and total lift coefficients in Figure 5.20 (c) and (d), which corresponding to the 
cases of RV regime, indicates that the lift coefficients varies significantly along the cylinder span. The 
strong variation of the lift coefficients along the cylinder span is a direct result of the dynamic motion 
of RVs as discussed above.  
The total lift coefficient is essentially the averaged sectional lift coefficient along the cylinder 
span. The sectional lift coefficient at 65 sections evenly distributed along the cylinder span are 
calculated and the sectional drag and lift coefficient at kth section at time t=nΔt is represented as 
)(kDs, tnC   and )(kLs, tnC  , respectively. To quantify the variation of the sectional drag and lift 
coefficient along the cylinder span, spatial standard deviation (SD) of the drag and lift coefficients in 
the spanwise direction (referred to as spanwise SD drag and lift coefficients, respectively, hereafter) 
are defined as 
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respectively, where CD(nΔt) and CL(nΔt) are the total drag and lift coefficients, respectively, and n=1 
corresponds to a time when the flow has been fully developed. To quantify the oscillation of the 
sectional drag and lift coefficient in time, the temporal standard derivation of the sectional drag and 
lift coefficients are defined as 
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Figure 5.21 Variations of temporal and spanwise sectional lift and drag coefficients with α 
 
Figure 5.21 shows variations of temporal and spanwise SD sectional lift and drag coefficients with 
the rotation rate α. Generally, there is a sudden change in the SD sectional force coefficients at the 
boundary of α between two flow regimes. All the SD sectional force coefficients reduce to zero at the 
boundary of α between VS-2D and SS-2D regimes (for example as α increases from 2 to 2.1 for Re=150 
and 200); whereas, they jump to a nonzero value at the boundary of α between SS-2D and FV (for 
example as α increases from 3.4 to 3.5 for Re=200). At the boundary between FV and RV regimes, the 
change rates of SD sectional force coefficients with α increases significantly. The jump in SD force 
coefficients at the boundary between SS-2D and FV regimes is not observed at Re≥250 since the flow 
SS-2D mode does not exist. In the RV regimes, both the temporal and spanwise SD sectional force 
coefficients increase with increasing α, except for Re=100. It is interesting to see that the temporal SD 
LsC  and DsC  for Re=100 reach their maximum values at α=5, while the spanwise SD LsC   and DsC   
reduce at α=5 and reach their minimum value at α=5.2. At Re=100, the temporal SD 




































































(d) Spanwise SD sectional drag coefficient
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α=4.8 and 5 are large because the flow is within the secondary instability flow regime (Kang, 2006), 
while the very weak three-dimensionality at these two rotation rates leads to significant reduction in 
the spanwise SD 
LC  and DC . Since two-dimensional flow is observed at Re=100 when α=5.2 and 5.4, 
the sectional force coefficients do not oscillate and 
LsC   and DsC   become zero. As α exceeds 5.6, the three-
dimensionality increases with increasing α (see Figure 5.12) so do the SD force coefficients. Figure 
5.22 (a) to (c) show streamlines around the cylinder generated by averaged flow over time and the 
cylinder span. The position of the stagnation point, which is located on the boundary of the 
recirculating flow region surrounding the cylinder, is determined by a position angle θs and a distance 
between the stagnation point and the centre of the cylinder Rs shown in Figure 5.22 (a) to (c). The 
stagnation point is very close to the cylinder surface when α is in the vortex shedding regime (see the 
zoomed in view at the top right of Figure 5.22 (a)). It moves away from the cylinder as α increases and 
the shape of the recirculating flow region become more noncircular.  
 
   
 (a) Streamlines for Re=500 and α=1.6      (b) Streamlines for Re=500 and α=4     (c) Streamlines for Re=500 and α=6 
 
 
                              (d) Variation of θs with α                                                    (e) Variation of Rs with α 
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Figure 5.22 (d) and (e) show the variation of the position of the stagnation point with the rotation 
rate. In Figure 5.22, the data from the results of two-dimensional numerical simulations at Re=1000 
and 200 by Chew et al. (1995) and Mittal and Kumar (2003), respectively, are also plotted for 
comparison. The values of Rs and θs by Mittal and Kumar (2003) are measured from Figure 17 in the 
corresponding reference paper. The quantitative difference between different studies in Figure 5.21 is 
mainly because two-dimensional models are used in the two previous studies whereas the present study 
employed three-dimensional numerical simulations. However, the variation trends of Rs and θs 
obtained in present study are similar to those in the two 2-D studies. The two-dimensional numerical 
results of θs for Re=200 by Mittal and Kumar (2003) are very similar to the present values for Re=100 
and 150, mainly because the three-dimensionality of the flow is very weak at small Reynolds numbers.  
The position angle θs decreases with increasing α in the rotation rate range between 1.6 and 3.5 
for all the Reynolds numbers. This causes the reduction of the drag coefficient as shown in Fig. 5.19 
(b). The drag coefficient stops decreasing when the position angle θs stop reducing with the increase 
of α at a value between α=3.5 and 4. When α exceeds 5, both θs and Rs does not change much with the 
increase of α. This is the reason why the mean lift coefficient in Figure 5.19 (a) remains nearly constant 
as α exceeds 5. The reduction of Rs with increasing Re in the rotation rate range of 65   is the 
evidence that the recirculating flow region shrinks with the increase of Re and so does the size of ring-
shaped vortices as discussed above.  
 
5.4 Conclusions 
The flow structures at Re=200 are firstly presented because this Reynolds number covers all the 
flow modes identified. Depending on the rotation rate, different flow regimes are identified based on 
the flow structures in the wake of the cylinder. It is found that there is a transition from vortex shedding 
mode referred to as VS-2D mode to no vortex shedding mode called steady-state (SS-2D) mode when 
the rotation rate is increased beyond a critical rotation rate. The flow remains two-dimensional in both 
these modes. VS-2D mode is characterized by dynamic vortex shedding from both sides of the 
cylinder. Further increase in rotation rate results in transition to FV mode three-dimensional flow, 
which is characterized by FVs together with extremely weak RVs. As the rotation rate is increased 
further, the flow enters RV mode, where the strength of the RVs increases and they wrap the surface 
of cylinder. Both FVs and RVs are in pairs and the pair number increases with increasing rotation rate.  
The formation and motion of FVs and RVs in the FV and RV modes are analysed by observing 
vortex motion and pressure distribution on the cylinder surface. In the FV mode, the RVs, which are 
very weak are found to oscillate in the spanwise direction with very small amplitudes on the cylinder 
surface. But the number of RVs does not change and the mean positions of the RVs does not move 
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either. In the FV mode, no new RVs generate nor old RVs dissipate. In the RV mode, the RVs become 
much stronger and the vortex motion is characterized by the continuous generation of new RV pairs 
from the cylinder surface, which pushes the existing RV pairs outward in the radial direction and the 
dissipation of old RV pairs as a result of their increasing sizes. Another characteristic of the RV mode 
is the regrouping of the RV pairs.  
The magnitude of the negative mean lift coefficient is found to increase with increasing rotation 
rate up to a critical rotation rate for all the Reynolds number, after which it remains constant, which is 
qualitatively consistent with previous results. The magnitude of the mean lift coefficient is very much 
dependent on the Reynolds number and is smaller than the one predicted by the potential theory. The 
mean drag coefficient first decreases with rotation rate and remains almost close to zero inside the SS-
2D mode and FV mode after which there is a profound increase in the drag coefficient with rotation 
rate inside the RV mode. The continuous generation and dissipation of RVs from the cylinder surface 
in the RV mode causes strong variation of the sectional drag and lift coefficients on the cylinder span, 
which is proved by the significant increase in the spatial SD of the force coefficients.  
The stagnation point is located at the outskirt of the recirculation zone, which is nearly circular 
when the rotation rate is small and become more and more noncircular as rotation rate increases. The 
position angle of the stagnation point decreases with the increase of α until a critical value between 
α=3.5 and 4 for all studied Reynolds numbers. The radius of the stagnation point relative to the cylinder 
centre decreases with the increase of Re in the RV regime, so does the radius of RVs. In the rotation 
rate range between 5 and 6, both position angle and radius of stagnation point are nearly independent 






Chapter Six: Three-dimensional numerical investigation 
of vortex-induced vibration of a rotating circular cylinder 
in uniform flow 
 
The vortex-induced vibration (VIV) of an elastically mounted rotating circular cylinder vibrating 
in a uniform flow is studied numerically. The cylinder is allowed to vibrate only in the cross-flow 
direction. In the numerical simulations, the Reynolds number, the mass ratio and the damping ratio are 
kept constants to 500, 11.5 and 0, respectively. Simulations are performed for rotation rates of α=0, 
0.5 and 1 and a range of reduced velocities from 1 to 13, which covers the entire lock-in regime. It is 
found that the lock-in regime of a rotating cylinder is wider than that of a non-rotating cylinder for 
α=0, 0.5 and 1. The vortex shedding pattern of a rotating cylinder is found to be similar to that of a 
non-rotating cylinder. Next, simulations are performed for three typical reduced velocities inside the 
lock-in regime and a range of higher rotation rates from α=1.5 to 3.5 to investigate the effect of the 
rotation rate on the suppression of VIV. It is found that the (VIV) are suppressed when the rotation 
rate exceeds a critical value, which is dependent on the reduced velocity. For a constant reduced 
velocity, the amplitude of the vibration is found to increase with increasing rotation rate until the latter 
reaches its critical value for VIV suppression, beyond which the vibration amplitude becomes 
extremely small. If the rotation rate is greater than its critical value, vortex shedding ceases and hairpin 
vortices are observed due to the rotation of the cylinder.  
 
6.1 Introduction 
Vortex shedding flow in the wake of circular cylinders has received a lot of attention in the past 
few decades mainly due to its increasing applications in but not limited to offshore oil and gas 
engineering. Many experimental and numerical studies have been conducted on the transition to 
turbulent wake (Thompson et al. 1996, Barkley and Henderson, 1996, Karniadakis and Triantafyllou, 
1992, Hammache and Gharib, 1991, Williamson, 1988, Roshko, 1954). Based on these studies, it was 
concluded that the transition of wakes from two-dimensional to three-dimensional flows starts from 
around Re=140 to 190. The Reynolds number is defined as Re=UD/ν where U is the incoming flow 
velocity, D is the diameter of the cylinder and ν is the viscosity of the fluid. In the numerical study by 
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Zhao et al. (2013b), where there were not any end effects, the critical Reynolds number was found to 
be 200.  
When a circular cylinder rotates in a fluid flow, the speed of the rotation affects the symmetry of 
the wake flow and thus influences the corresponding forces on the cylinder. In addition to the Reynolds 
number, the rotation rate α, which is defined as the ratio of the rotating speed of the cylinder surface 
to the free stream velocity, has significant influence on flow past a rotating cylinder (Chang and Chern, 
1991). Vortex shedding flow around a rotating circular cylinder was found to be fully suppressed when 
α is greater than 2 (Diaz et al., 1983, Badr et al., 1990, Chew et al., 1995, Chou, 2000). Early studies 
on flow past a rotating cylinder were focused on laminar flow regime corresponding to Re ≤ 100 (Tang 
and Ingham, 1991). Kang et al. (1999) investigated the laminar flow past a rotating circular cylinder 
through numerical simulations and found that the critical α above which there was no vortex shedding 
increased logarithmically with increasing Reynolds number. The critical rotation rates at Re=60, 100 
and 160 were found to be about 1.4, 1.8 and 1.9, respectively. Moreover, for rotation rates lower than 
the critical rotation rate, flow pattern changes but the Strouhal number did not change much with 
increasing rotation rate.  
Stojković et al. (2002) observed a second vortex shedding regime in the rotation rate range of 4.8 
≤ α ≤ 5.15 for Re=100, which was characterized by the shedding of one counterclockwise vortex from 
one side of the cylinder in one vortex shedding period. The second vortex shedding regime was also 
reported by Pralits et al. (2010). The lift force increases considerably with the increase in the rotation 
rate in this range of α. Mittal and Kumar (2003) and Lu et al. (2011) found that for Re=200, the wake 
flow remains stable for rotation rates in the range of 1.91≤α≤4.34 and loses its stability at 35.4 . 
The vortex shedding disappears as rotation rate exceeds 4.8. Lam (2009) studied flow past a rotating 
cylinder at Re=3600 to 5000 and 5.2 using flow visualization and particle image velocimetry 
(PIV) measurements. It was found that the wake became increasingly narrow and deflected sideways 
with increasing cylinder rotation speed and the formation length of the vortices decreased with 
increasing α, leading to a slight increase in the vortex shedding frequency.  
Mittal (2004) performed numerical simulations to study the three-dimensionality of flow past a 
rotating cylinder at Re=200 and a range of α from 0 to 5. It was found that the centrifugal instabilities 
were present along the entire span for the rotation rate α of 5. Furthermore, it was observed that the 
no-slip condition on the side walls and the length-to-diameter aspect ratio of the cylinder greatly affect 
the flow separation. Rao et al. (2013) performed a systematic study of flow past a rotating cylinder at 
Reynolds numbers less than 400 and non-dimensional rotation rate 5.2 . It was observed that the 
three-dimensionality in the wake of a rotating cylinder resembled its stationary counterpart for      
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1 . In addition to the mode A and mode B wake flow modes that are similar to those identified in 
the non-rotating cylinder case (Williamson and Roshko, 1988), there were other steady and unsteady 
modes which were dependent on the Reynolds number and rotation rate α. Mode A is characterized by 
the inception of vortex loops and the formation of streamwise vortex pairs due to the deformation of 
primary vortices as they are shed from the cylinder. The wavelength of the spanwise feature in mode 
A was found to be between 3 and 4 diameters. In mode B, the wake pattern is dominated by the 
streamwise vortex pairs spaced by a distance of about one-cylinder diameter. The three-dimensional 
scenario at high rotation rate became increasingly complex and moved the critical Reynolds number 
for three-dimensional transition to a higher value. Similar conclusion was drawn by El Akoury et al. 
(2008) using three-dimensional Direct Numerical Simulation (DNS). He found that the critical 
Reynolds number for flow transition is increased to 219.8 for α=0.5.   
Since the vibration of cylindrical structures in fluid flows occurs mainly due to the vortex shedding 
flow, the flow-induced vibration of these structures is generally called vortex-induced vibration (VIV). 
The VIV of a non-rotating circular cylinder has been extensively studied in the past few decades 
(Bearman, 1984, Feng, 1968, Parkinson, 1989, Sarpkaya, 1979, Sarpkaya, 2004, Williamson and 
Govardhan, 2004). When a steady flow come across an elastically-mounted rigid circular cylinder 
supported by a spring-damper system, the oscillatory fluid forces leads to large amplitude vibration 
over a certain range of reduced velocities (Bishop and Hassan, 1964, Blevins, 1990, Parkinson, 1974). 
The reduced velocity is defined as )/( nr DfUV = , where fn is the natural frequency of the cylinder. The 
occurrence of large amplitude vibration is attributed to the lock-in or the synchronization between the 
oscillating body and the vortex shedding. The range of the reduced velocity where lock-in occurs is 
generally called lock-in regime. Outside the lock-in regime, the vibration amplitude is small and the 
vortex shedding frequency is the same as that of a stationary cylinder. The lock-in regime depends 
upon the mass ratio defined as d* / mmm = and the damping ratio defined as )km2/(c= , where 𝑚 
is the mass of the cylinder, 𝑚d is the fluid mass displaced by the cylinder, c and k are the damping 
coefficient and spring constant of the system, respectively.  
Williamson and Roshko (1988) conducted experiments of forced vibration of a circular cylinder 
in the cross-flow direction at Reynolds numbers in the range of Re=300-1000. They found that the 
mode of the vortex shedding is strongly dependent on the vibration amplitude and frequency. This 
study resulted in a map of vortex synchronization modes. If circular cylinder is elastically mounted in 
a flow and is allowed to vibrate only in the cross-flow direction at low mass ratios, the vortex shedding 
is in the 2S mode in the initial branch and 2P in the upper and lower branch (Govardhan and 
Williamson, 2000). 2S and 2P means that two single and two pair of vortices are shed from the cylinder 
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in one cycle of vibration, respectively. If the cylinder is allowed to vibrate both in the inline and cross-
flow directions, the maximum response amplitude is increased to about 1.5 diameters of the cylinder 
in the new super upper branch (Jauvtis and Williamson, 2004), where a 2T mode (two triplets of 
vortices are shed from the cylinder in each vibration cycle) was observed. Zhao et al. (2014a) found 
the critical Reynolds number at which the flow becomes three-dimensional for an elastically mounted 
vibrating cylinder is higher than that for a stationary cylinder. A few other three dimensional numerical 
studies have been performed to study the underlying dynamics of cylinders under varying geometric 
and inlet flow conditions (Kaja et al., 2016, Zhao et al., 2015, Navrose and Mittal, 2013). 
Recently, attention has been paid to the influence of the rotation of the cylinder on the VIV. 
Bourguet and Lo Jacono (2014) studied one-degree-of-freedom (1 DOF) flow induced vibration of a 
rotating cylinder in the cross-flow direction at a very low Reynolds number of 100 and investigated 
the impact of symmetry breaking due to the forced rotation on the VIV. Later on they extended their 
study to the cases where the cylinder only vibrate in the inline direction (Bourguet and Lo Jacono, 
2015). Zhao et al. (2014b) performed  two-dimensional numerical simulations of one- and two-
dimensional vortex induced vibration of a rotating cylinder at a low Reynolds number of 150 and a 
low mass ratio of 2 for 1 . It was found that the general trend of amplitude and frequency of 
oscillations for rotating cylinder follows the same trend as that of a non-rotating cylinder for the 1DOF 
vibrations in the cross-flow direction. The lock-in regime widens and the maximum amplitude 
increases with increasing rotation rate. Furthermore, the inline vibrations become prominent at higher 
rotation rates if the cylinder is allowed to vibrate both in the inline and cross-flow directions. Recently, 
Seyed-Aghazadeh and Modarres-Sadeghi (2015) carried out experiments on VIV of a rotating circular 
cylinder in the transverse direction of flow in a recirculating water tunnel for rotation rate ranging from 
0 to 2.6 and Reynolds number ranging from 350 to 1000. It was found that the lock-in regime becomes 
narrow as the rotation rate was greater than 1.4 and the oscillations of the cylinder ceases at the rotation 
rate greater than 2.4. More recently Wong et al. (2017) found that the rotation rate of 2 can increase 
the maximum vibration amplitude of a rotating cylinder by 76% for a constant mass ratio of 5.78 and 
Reynolds numbers in the range between 1100 and 6300.  
Although some relevant experimental and numerical studies have been conducted in the past, still 
the dynamics of VIV of a rotating cylinder has not been fully understood in terms of following three 
aspects. Firstly, the correlation between the fluid forces and the vibration of the cylinder is unclear 
because forces are not measured in the previous experimental studies. Secondly the three-dimensional 
vortex shedding flow in the wake of a rotating cylinder subject to VIV has not been investigated in 
detail either qualitatively or quantitatively. Lastly, a systematic study on the effect of the rotation rates 
on VIV suppression inside the lock-in regime has not been conducted. In this study, 3-D direct 
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numerical simulations (DNS) are carried out to investigate the effect of rotation rate α on the VIV of 
a rotating circular cylinder subject to a uniform flow. The circular cylinder is allowed to vibrate in the 
cross-flow direction only. The damping ratio, the Reynolds number and the mass ratio are kept constant 
at 0, 500 and 11.5, respectively. At a Reynolds number of 500, it is well-known that the flow is three-
dimensional and the wake flow is turbulent (Williamson, 1996). The length of the circular cylinder in 
the present study is 6.4 diameters of the cylinder. The effects of the rotation rate on the vibration 
amplitude and frequency, the correlation between the vibration and the fluid force, and the three-
dimensional wake vortex shedding flow are discussed in detail.  
The rest of the chapter is arranged as follows. In section 2, the governing equations and the 
numerical model used in this study is presented. In section 3, the numerical model is validated by 
comparing the numerical results with experimental data. In Section 4, simulations are performed at 
α=0, 0.5 and 1 and a wide range of reduced velocity to identify the effects of the rotation rate on the 
lock-in regime and fluid forces on the cylinder. In section 5, simulations are performed at three typical 
reduced velocities of Vr=5, 6 and 7 and rotation rates ranging from 0 to 3.5 to study the suppression of 
the VIV by high speed rotation of the cylinder. Three-dimensional vortex shedding wake flows are 
discussed in Sections 4 and 5. Finally, conclusions are drawn in Section 6. It is envisaged that this 
study will improve the understanding of the dynamics of rotating cylinders and lead to an improvement 
of the designs of subsea drillers and vibrations suppression devices through rotation. 
 
6.2 Numerical Method 
Figure 6.1 (a) shows a sketch of the computational domain for the simulation of VIV of a rotating 
cylinder. A Cartesian coordinate system is defined with it origin located at the center of the bottom 
end of the cylinder, x-axis pointing the flow direction and z-axis following the axis of the cylinder. The 
cylinder is allowed to vibrate only in the transverse direction of the flow. The cylinder rotates with an 
angular rotational speed of ω. The non-dimensional rotational speed of the cylinder relative to the fluid 
velocity is defined as α=ωD/(2U). In the numerical simulation, the computational domain size in the 
axial direction of the cylinder is large enough to minimize the influence of domain size effect. It was 
reported that a cylinder length of 2D is enough for accurately predicting the fluid forces at Re=1000 
(Lei et al., 2001). Gioria et al. (2011) investigated the effects of computational domain size in the 
spanwise direction of the cylinder on the flow around a circular cylinder at Re=400 and reported that 
the three-dimensional flow can be reasonably represented if L exceeds 6 diameters. In the 3-D 
simulations of VIV, the span length of the cylinder was 4D in Navrose and Mittal (2013) and 9.6D in 
Kondo (2012). In this study, the length-to-diameter ratio of the cylinder is 6.4. The computational 
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domain size is 50D in the flow direction and 40D in the cross-flow direction, resulting in a blockage 




Figure 6.1 (a) Computational domain for vortex induced vibration of a rotating cylinder, (b) 
Computational mesh near the cylinder 
 
The VIV of the circular cylinder is simulated using three-dimensional direct numerical simulations 
(DNS). The governing equations for simulating the flow are the incompressible Navier-Stokes (N-S) 
equations. To accommodate the motion of the cylinder in the simulations, the N-S equations are solved 
using the Arbitrary-Langrangian-Eulerian (ALE) scheme. The finite element mesh is moved after each 
computational time step based on the new position of the cylinder. When using the ALE technique, 
the computational mesh inside the computational domains can move arbitrarily in a way that ensures 












momentum equation should be modified accordingly. As the result, the incompressible N-S equations 
are expressed as:  
 𝜕𝑢𝑖
𝜕𝑥𝑖
= 0,         (6.1) 
𝜕𝑢𝑖
𝜕𝑡











,               (6.2) 
where xi (x1=x, x2=y, x3=z) represents the Cartesian coordinate, ui is the fluid velocity in the xi-direction, 
t is the time, p is the pressure, ?̂?𝑗  is the velocity of the moving mesh, ν is the kinematic viscosity of the 
fluid and ρ is the fluid density. The equation of motion for calculating the displacement of the circular 







+ 𝑘𝑌 = 𝐹𝑦,          (6.3) 
where Y and Fy are the displacement and lift force of the cylinder in the cross-flow direction, 
respectively. The equation of motion Eq. (6.3) is solved by the fourth-order Runge-Kutta method. In 
this study, the mass ratio is kept constant to a value of 11.5 and the damping coefficient is zero. After 
each computational time step, the boundary of the computational domain changes because of the 
displacement of the circular cylinder. The positions of the finite element nodes are moved accordingly 
by solving the modified Laplace equation: 
𝛻. (𝛶𝛻𝑆𝑦) = 0,                                 (6.4) 
where Sy represents the displacement of the nodal points in the y-direction and 𝛶 is a parameter that 
controls the mesh deformation, which is set to be 𝛶 = 1/𝐴 with A being the volume of the element. 
Equation (6.4) is solved by using the standard Galerkin finite element method. The boundary 
conditions for Eq. (6.4) are specified as follows. On the cylinder surface, Sy is the same as the 
displacement of the cylinder. On the two end boundaries (top and bottom boundaries in Figure 6.1), 
the gradient of Sy in the z-direction is zero. Sy is zero on the rest of the boundaries. 
The N-S equations are discretized using the Petrov-Galerkin finite element method developed by 
Zhao et al. (2009). The PG-FEM based numerical model has been confirmed to be able to predict VIV 
of a circular cylinder for Reynolds numbers in the range of 100 to 1000 (Zhao et al., 2014a). By adding 
a streamline upwind perturbation into the momentum equations, which acts only in the flow direction, 
PG-FEM overcomes the negative diffusion in the standard Galerkin weighing functions.  
The boundary conditions for the N-S equations are as follows. A uniform flow with a velocity of 
U in the positive x-direction is given at the inlet boundary. At the outlet boundary, the gradient of the 
velocity in the x-direction is zero and the pressure is zero. At the top, bottom and the two side 
boundaries, symmetric boundary condition is employed, i.e., the velocity component perpendicular to 
the boundary is zero and those parallel to the boundary are calculated using the momentum equation. 
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On the cylinder surface, no-slip boundary condition is employed, i.e., the fluid velocity equals the sum 
of the translational velocity and the rotational speed of the cylinder surface.  
In each computational time step, the procedure for simulating the VIV is summarized as follows. 
(1) The N-S equations are firstly solved to find out the velocity and pressure in the fluid domain. (2) 
Then the fluid forces on the cylinder are calculated. (3) Based on the forces, the equation of motion 
(Eq. (6.3)) is solved to obtain the displacement and the velocity. (4) The mesh is moved by solving Eq. 
(6.4) according to the new displacement of the cylinder and the velocities of the finite element nodes 
are calculated accordingly. (5) Return step (1) and enter next time step.  
A mesh dependency study is performed in order to quantify the effects of mesh density on the 
accuracy of numerical results. Figure 6.1 (b) shows the computational mesh near the cylinder surface 
used in this study (herein referred to as the normal mesh). The computational domain is divided in to 
about 1.1 million 8-node hexahedral tri-linear elements. The circumference of the cylinder is 
discretized by 96 elements and the mesh size in the radial direction is 0.002D on the cylinder surface. 
The three-dimensional mesh is generated from a stack of 65 layers of identical 2D meshes evenly 
distributed along the cylinder span. The non-dimensional size of the first layer of elements at the 
cylinder surface in the radial direction is defined as  /1=+ fuy  where uf is the friction velocity and 
Δ1is the distance between a wall surface and the nodes next to the wall. The maximum y+ in normal 
mesh is found to be less than 3 for α =3.5, the maximum rotation rate in this study, and less than 1 for 
α =0 (a non-rotating cylinder). To quantify the dependency of numerical results on the mesh density, 
the simulations using three additional meshes of different mesh densities are performed at α=2.5 and 
Vr=7 where the amplitude of vibration is maximum and the results are presented in Table 6.1. In Table 
6.1, the Δr, Nc, Δz and Nnode stand for the radial mesh size on the cylinder surface, the number of 
elements along the circumference of the cylinder surface, the mesh size along the cylinder span and 
the total number of nodes of the mesh, respectively. The normal and dense-1 mesh have the same 
number of elements along the spanwise direction of the cylinder but different mesh densities on the 
xy-plane. The layers of the elements in the spanwise direction of dense-2 and dense-3 meshes are 
higher than that of the normal mesh. The time histories of the response displacement of the cylinder in 
the cross-flow direction based on the four different meshes are compared with each other in Figure 
6.2. The results of the amplitude and frequencies from different meshes are compared quantitatively 
with each other in Table 6.1. The response amplitude in the Y-direction is defined as Ay=(Ymax-Ymin)/2 
where the maximum displacement Ymax and the minimum displacement Ymin are obtained from the time 
histories of cylinder displacement in the last 20 vibration periods. The frequency of the cylinder in the 
y-direction (fy) is normalized by the natural frequency of the cylinder (fn). Table 6.1 shows that the 
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amplitude of the vibration from the normal mesh is 1% different from it corresponding values from 
the densest dense-3 mesh. The frequency from dense-1 is 1.3% less than those from other meshes. This 
slight difference in frequency leads to obvious phase difference (corresponding to about 1/10 period) 
after 9 periods of vibration in Figure 6.2. The comparison among the results from different meshes in 
Table 6.1 demonstrates that the mesh density in all the x-, y- and z-directions are adequate for predicting 








Table 6.1: Result from different meshes for Re=500, α=2.5 and Vr=7  
Mesh Δr/D Nc Δz/D Nnode fy/fn Ay/D 
Normal 0.002 96 0.1 1060608 1.0032 1.0018 
Dense-1 0.001 113 0.1 1804032 1.0048 1.0086 
Dense-2 0.002 96 0.0667 1590912 0.9967 1.0091 
Dense-3 0.002 96 0.05 2121216 1.0130 1.0118 
 
 
6.3 Validation of the Numerical Model 
The validation of the numerical model in the simulation of VIV of a non-rotating cylinder in an 
uniform flow has been demonstrated by Zhao et al. (2014a). Here, the numerical model is validated 
against the experimental data of VIV of a rotating cylinder in the transverse direction subject to a 
uniform flow measured by Seyed-Aghazaged & Modarres-Sadeghi (2015). The experiments were 
conducted in a re-circulating water tunnel with a test section of 1.27 m×0.5 m×0.38 m. An elastically-
mounted rigid circular cylinder with a diameter D=1.3 cm was forced to rotate at constant rotation 
speeds in the fluid flow. In the tests, the mass ratio was 11.5 and the structural damping ratio was 0.01. 
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The rotation rate α was varied between 0 and 2.6 in small steps whereas the Reynolds number changed 
proportionally with the incoming uniform flow velocity from Re=350-1000.  
Numerical simulations are performed under same parameters as used in the experiments by Seyed-
Aghazaged & Modarres-Sadeghi (2015) except for the structural damping ratio which is zero in 
numerical simulations. In the experiments, the reduced velocity is defined based on the natural 
frequency measured in water. The natural frequency measured in water (defined as fnw hereafter) 
obtained from the experiments is converted to the structural natural frequency (fn) measured in a 
vacuum to be used in the simulations based on the relationship of  𝒇𝐧/𝒇𝐧𝐰 = √(𝑪𝐀 + 𝒎∗)/𝒎∗, where 
CA is the added mass coefficient, which is equal to 1. Figure 6.3 compares the calculated amplitude, 
the mean displacement and the frequency of the cylinder in the cross-flow direction with the 
corresponding experimental data. It can be seen that the results of the maximum vibration amplitudes 
from the present numerical model are close to the laboratory test with reasonable accuracy. However, 
the simulated lock-in range of the reduced velocity for α=1 is slightly wider than the one observed in 
the experiments, probably because the structural damping of zero is used in the numerical simulations 
whereas it is 0.01 in the laboratory tests. The calculated mean displacement of the circular cylinder (
Y ) and the vibration frequency (fy/fn) agree with the experimental data well. Due to the rotation of the 
cylinder, the mean displacement of the cylinder becomes negative and its magnitude increases with 
increasing reduced velocity.  
After the validation of the numerical model, the numerical results are presented in two parts. In 
the first part (Section 6.4), the effect of the cylinder rotation rate, varying from 0 to 1, on the VIV 
response is investigated numerically. The Reynolds number, the mass ratio and the damping ratio of 
the cylinder are 500, 11.5 and 0, respectively, in all the numerical simulations. Three-dimensional 
numerical simulations are carried out for rotation rates of α = 0, 0.5 and 1 and reduced velocities 
ranging from 1 to 13 with an increment of 1. In the second part (Section 6.5), the VIV for rotation rates 
up to 3.5 are simulated and simulations are performed for three reduced velocities of 5, 6 and 7, which 
are typical reduced velocities inside the ‘lock-in’ regime. 
 
6.4 Lock-in regimes for α=0, 0.5 and 1 
Figure 6.4 shows the time histories for the displacement of the circular cylinder for rotation rate 
α=1 and different reduced velocities. Simulations for all cases are performed for a long enough time 
to ensure steady state vibration has been obtained. The vibration histories for α=0 and 0.5 are not 
shown because they share similar characteristics as those for α=1. It is observed from the time histories 
that the vibrations are generally regular and repeatable for the reduced velocity range of Vr=5~9, where 
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high amplitudes are observed. However, irregular vibration is observed for the other reduced velocities 
where the amplitude becomes very small. The irregularity in vibrations outside the lock-in regime was 
also identified by Khalak and Williamson (1999) in their experiments at higher reduced velocities. 
Strong beating phenomenon is also observed at reduced velocity of 4 for all the rotation rates of α=0 
and 0.5 and 1. For the reduced velocities between 5 and 9, where the vibration is nearly sinusoidal, the 
vibration amplitudes are high and the vibration frequency is very close to the natural frequency. 
Furthermore, due to the rotation of the cylinder, the negative mean displacement of the cylinder can 
be identified in Figure 6.4, which becomes more evident at large reduced velocities, implying that the 
cylinder vibrates about a negative mean position. The appearance of the negative mean position of the 
cylinder is due to the negative fluid force on the cylinder, as a result of the so-called Magnus effect 

































































































Figure 6.4 Time histories of the displacement of the cylinder for α =1 and different reduced 
velocities 
 
Figure 6.5 shows the variations of the response amplitude, the mean displacement of the cylinder 
and the vibration frequency with the reduced velocity for α=0, 0.5 and 1. Similar to that for α=0, the 
response amplitude of a rotating cylinder is high inside the lock-in regime where the frequency is close 
to the natural frequency.  The lock-in regime of the vibration is found to be affected by the rotation 
rate of the cylinder. The lower boundary of the lock-in regime is between Vr=4 and 5 and appears to 
be independent of the rotation rate under consideration. The higher boundary of the lock-in regime is 
between 7 and 8 as α=0, and it increases to a value between 9 and 10 for α=1. The widening of the 
lock-in regime as the result of increasing α was reported in the experimental study by Wong et al. 
(2017) and the numerical study in laminar flow with Re=100 and m*=10 by Bourguet and Lo Jacono 
(2014). The widening of the lock-in regime is also accompanied by a slight increase in the maximum 
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amplitude as α increases from 0 to 1. The amplitude of the vibration decreases suddenly as the reduced 
velocity exceeds the upper boundary of the lock-in regime and becomes close to zero after the reduced 






Figure 6.5 Variations of the vibration amplitude mean displacement of the cylinder and the vibration 
frequency with the reduced velocity for α=0, 0.5 and 1 
 
 
If the cylinder does not vibrate, the mean lift coefficient was found to be negative due to the 
Magnus effect and its magnitude increases rapidly with increasing rotation rate (Kang et al., 1999). 
An elastically mounted cylinder under forced rotation oscillates about a negative mean position due to 
the negative mean lift coefficient as shown in Figure 6.5 (b). The magnitude of the mean displacement 
of the cylinder in Figure 6.5 (b) increases with the increase of the reduced velocity for α=0.5 and 1. 

















































































increase in the ratio of the mean lift force to the spring constant. More interestingly, the variation of 
the mean displacement of the cylinder is found to follow a quadratic function of the reduced velocity 
perfectly for α=0.5 and 1. For a cylinder supported by an elastic spring, the mean displacement is a 
linear function of the mean lift force. Therefore, the quadratic relationship between the mean 
displacement and the reduced velocity means that the mean lift force of a cylinder is a quadratic 
function of the reduced velocity, and furthermore the mean lift coefficient, which is non-
dimensionalized by the square of the velocity is independent of the reduced velocity.  
The frequency ratio f/fn increases linearly with increasing reduced velocity up to a reduced velocity 
of 4 for all the rotation rates between 0 and 1, as shown in Figure 6.5 (c). This linear relation between 
frequency and reduced velocity is because the response frequency follows the Strouhal law outside the 
lock-in regime. The Strouhal numbers for a stationary rotating cylinder at α = 0, 0.5 and 1 are found 
to be 0.1843, 0.1840 and 0.1835, respectively. The Strouhal number is defined as St=fsD/U where fs is 
the vortex shedding frequency. At a reduced velocity of 4, the response frequencies for α = 0, 0.5 and 
1 become close but not exactly the same as the natural frequency. This slight detuning in the response 
frequency is referred to as ‘soft-lock-in’ by Mittal and Kumar (1999). The response frequency 
synchronizes with the natural frequency when the reduced velocity exceeds 5. The upper boundary of 
the lock-in regime for α=0, 0.5 and 1 are identified to be Vr=8, 9 and 10, respectively. When the reduced 
velocity is greater than the upper boundary of the lock-in regime for all the three rotation rates, the 
vibration amplitude is small. However, the vibration displacement is found to have two frequencies: 
one is close to the natural frequency and the other follows the Strouhal law. The dual frequencies are 
identified in the Fast Fourier Transform (FFT) Spectra of the displacement for α=0.5 and Vr=9, 10 and 
11 shown in Figure 6.5 (d). The amplitude of the two peak frequencies are in the same order for each 
Vr in Figure 6.5 (d). The dual frequencies of the vibration near the upper boundary of the lock-in regime 
was also found experimentally (Khalak and Williamson, 1999a). To explain why the cylinder vibrates 
with dual frequencies, Figure 6.5 (e) shows the FFT spectra of the lift coefficient corresponding to the 
cases shown in Figure 6.5 (d). It is very clear that the dominant frequencies of the lift coefficient in 
Figure 6.5 (e) are very different from the natural frequency. The frequency of the lift coefficient 
increases with increasing reduced velocity, indicating that it follows the Strouhal law. The lift 
coefficients shown in Figure 6.5 (e) lead to vibrations with small amplitudes, since vortex shedding 
frequency does not lock-in with the natural frequency. The component of the lift coefficient at f/fn=1, 
although very small in terms of its amplitude, excites vibration at natural frequency with an amplitude 
that is of the same order as the vibration at the frequency of the Strouhal law.  
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Figure 6.6 shows the variations of the mean lift and drag coefficients ( LC  and DC ) and the 
standard deviations (SD) of the lift and drag coefficients ( LC  and DC ) with the reduced velocity for 
different rotation rates of α=0, 0.5 and 1. The drag coefficient CD and the lift coefficient CL are defined 
as CD=FD/(ρDLU2/2) and CL=FL/(ρDLU2/2), respectively, where the total drag and lift forces (FD and 
FL) are obtained by integrating the pressure and shear stress over the whole cylinder surface. The 
magnitude of negative mean lift coefficient increases as the rotation rate α is increased from 0 to 1 as 
seen from Figure 6.6 (a). However, the mean lift coefficient is nearly independent of the reduced 
velocity throughout the range of reduced velocities for each α. Due to this  independence of the mean 
lift coefficient on the reduced velocity, a quadratic relationship between the mean displacement and 
the reduced velocity was observed for α=0.5 and 1 as shown in Figure 6.5 (b). The slight decrease in 
the lift coefficient at reduced velocity of 5 for a rotating cylinder is responsible for the slight deviation 
of the mean displacement from the fitted quadratic curves in Figure 6.5 (b). It is observed that the SD 
of the lift coefficient ( LC ) increases with increasing reduced velocity and reached its maximum at 
reduced velocity of 4, namely, the lower boundary of the lock-in regime, for all the rotation rates. 
Khalak and Williamson (1999) found that the phase difference between the lift coefficient and 
displacement changes from 0° to 180° for a low mass damping system at the boundary between the 
upper and lower branches. The change of phase corresponds to the significant reduction of LC  between 
Vr=4 and 5 as shown in Figure 6.6 (b). Khalak and Williamson (1999) observed a maximum LC  
between the initial and upper branches in their free vibration experiments. This maximum LC  is also 
observed at Vr=4 in this study. The variation trends of LC  for all the three rotation rates are similar to 
each other. It appears that the LC  increases slightly with increasing α. It is observed from Figure 6.6 
(c) and (d) that both DC  and DC  reach their maximum values at Vr=5, where LC  and LC  have 
minimum values. There is a significant increase in DC  and DC  inside the lock-in regime, because the 
high amplitude vibration of the cylinder causes the drag force to increase. DC  increases with increasing 
rotation rate, which is a similar trend found in the case of  non-vibrating rotating cylinder (Mittal and 
Kumar, 2003). This is also evident as DC  increases by about 3.7 times when α increases from 0 to 1. 
On the contrary, there is a decrease in DC  with increasing α. However, the effect of rotation rate α on 






Figure 6.6 Variations of the force coefficients with the reduced velocity for α=0, 0.5 and 1 
 
When a cylinder is subjected to a single frequency harmonic external load, the phase between the 
cylinder displacement and the force can be either 0° or 180° if the damping ratio is zero. This phase 
was found to switch from 0° to 180° at the boundary between the lower and upper branches for a low 
mass-damping system (Govardhan and Williamson, 2000, Khalak and Williamson, 1999). In this 
study, the phase change between the displacement and lift coefficient is studied through the correlation 














,1),(        (6.5) 
where the subscript k stands for the kth sample, n is the total sample number, the over bar of each 
variable stands for the mean value (time averaged), and the prime of each value stands for the SD 
value. Samples in 20 periods of vibration are used in the present study to calculate the correlation 
coefficient. The correlation coefficient between two signals is positive 1 if they are in phase with each 
other, and negative 1 if they are out of phase with each other. The correlation coefficient between 
harmonic force and displacement will change from 1 to -1 as the phase between them changes from 0o 
to 180o.  
Figure 6.7 (a) shows the variation of the correlation coefficient between the displacement and lift 
coefficient with the reduced velocity. The correlation is excellent and its value remains nearly positive 























































(d) SD of the drag coefficient
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are in phase with each other. For 4r V , the lift coefficient varies in the same way as the vibration 
displacement even in the cases where the vibration amplitude changes with time, as shown in Figure 
6.7 (b), leading to a correlation coefficient very close to 1. The phase changes its sign between Vr=4 
and 5, and becomes negative as 5r V . The correlation is close to 1−  at 75 r V  for α=0 and 0.5 
and 85 r V  for α=1. The change of correlation coefficient from 1 to -1 exactly corresponds to a 
change of the phase from 0° to 180°.  The correlation in the lock-in range is not as good as that as 
4r V  because the lift coefficient does not have a single frequency component as shown in Figure 6.7 
(c). A high frequency component is observed in the lift coefficient in Figure 6.7 (c) and it makes the 
correlation coefficient slightly differ from -1. For the reduced velocities greater than the upper 
boundary of the lock-in regime, i.e., Vr>7 for α=0, 0.5 and Vr >8 for α=1, respectively, the correlation 
coefficients are negative and fluctuates throughout the entire higher range of reduced velocities. When 
the reduced velocity is greater than the upper boundary of the lock-in regime, the dominant frequency 
of the lift coefficient is greater than the vibration frequency as seen in Figure 6.7 (d), and the 
component of the lift coefficient corresponding to the vibration frequency is very weak. This leads to 
very poor correlation between the lift coefficient and the vibration displacement.  
 
    
    
 
Figure 6.7 (a) The correlation coefficient between the displacement and the lift coefficient, (b) – (d) 







































































The sectional forces on cross sections at various z-coordinates are calculated by integrating the 
pressure and the shear stress over the circumferences of the circular cylinder. The sectional drag and 
lift coefficients are defined as CDS=FDS/(ρDU2/2) and CLS=FLS/(ρDU2/2), where the subscript ‘S’ 
stands for sectional force. Similar to the total lift coefficient, the sectional lift coefficient can be either 
in phase or out of phase with the displacement. To examine the variations of the sectional lift 
coefficient along the spanwise direction, the distribution of coefficient R(Y,CLS) between the 
displacement and the sectional lift coefficient along the spanwise direction of the cylinder for rotation 
rates of α=0, 0.5 and 1 are plotted in Figure 6.8 (a), (b) and (c), respectively. The variations of R(CLS,Y) 
with the reduced velocity is consistent with that of R(CL,Y) both inside and outside the ‘lock-in’ regime. 
It is observed from the Figure 6.8 that the correlation coefficients R(CLS,Y) on the whole cylinder span 
are nearly 1 at lower reduced velocities between 1 and 4 for all the rotation rates, indicating that the 
flow varies little along the cylinder span. At α=0° and Vr=5, the magnitude of R(CLS,Y) is very small 
because R(CLS,Y) is switching from 1 to -1. If the dislocation of the spanwise vortices occurs in the 
wake of the cylinder, the lift force and consequently R(CLS,Y) may change its sign at the dislocation 
position. At 5r V , the R(CLS,Y) remains negative along the cylinder span, although its value varies 




























































Figure 6.9: Iso-surface of the contours for eigenvalue e2=-0.2 for α=1 
 
 
Figure 6.9 shows the three dimensional vortex shedding flow patterns in the wake of a rotating 
cylinder for α=1  presented by the second eigenvalue of the velocity-gradient tensor, which is defined 
as D2 + S2, where D and S are the symmetric and anti-symmetric parts of the velocity-gradient tensor, 
respectively. The locations of the vortices can be identified by the second eigenvalue of the velocity-
gradient tensor (Jeong & Hussain 1995). The non-dimensional eigenvalue is defined as 
2
22 )//( DUe =  with λ2 being the dimensional eigenvalue. Similar to those for a non-rotating cylinder, 
133 
 
vortices are shed from both sides of the cylinder for rotation rotates up to 1. The axial vortices can only 
be clearly identified immediately behind the cylinder. Strong streamwise vortices are observed in the 
wake of the cylinder. The axial vortices dissipate quickly. The flows in the wake of the cylinder in 
Figure 6.9 are very similar to the Mode B vortex shedding, which is characterized by the dominance 
of the streamwise vortices. For a stationary cylinder, Mode B vortex shedding flow occurs in a range 
of Reynolds numbers between 250 to 1000 (Williamson, 1996). The vortex shedding flow in a wake 
of an elastically mounted non-rotating cylinder at Re=500 was found to be in Mode B (Zhao et al., 
2014a). Immediately behind the circular cylinder, the axial vortices are found to be always continuous 
and no vortex dislocation is observed. However some vortices are found to be slightly inclined as 
shown in Figure 6.9 (a) and (f).  
Figure 6.10 shows the contours of the spanwise vorticity averaged over the cylinder span for α=1. 
The spanwise vorticity is nondimensionalised by )//( DUzz  = . The vortex street in the wake of the 
cylinder in Figure 6.10 is similar to that of a non-rotating cylinder. At Vr=2 and 11, where the vibration 
amplitude of the circular cylinder is very small, two vortices are shed from the circular cylinder in one 
period of vibration, forming the so-called 2S (two single vortices) vortex shedding mode. The vortex 
flow pattern for Vr=5 and 7, where the vibration amplitude is high, are similar to the 2P (two pair 
vortices) mode. In each half period of vibration, one elongated vortex is shed from the cylinder and it 
is split into two after it is shed. The vortex streets are slightly asymmetric with respect to the y=0 line, 
it appears that the rotation of the circular cylinder does not affect the vortex pattern significantly as 
1 . The strengths of the vortices that are shed from the two sides of the cylinder are not distinctly 
different from each other. 
 
 
Figure 6.10 Contours of the spanwise vorticity averaged over the cylinder span for α=1 
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To quantify the vortex energy transfer due to three-dimensional flows, the enstrophy of the flow 
around rotating cylinder is computed. The enstrophy represents the measure of kinetic energy 
corresponding to the dissipation effects in the flow field. The following two enstrophy components are 
considered (Papaioannou et al. 2006):  


= d2zz             (6.6)  


+= d)( 22 yxxy            (6.7) 
where z  and xy  are defined as the primary and secondary enstrophies, and Ω is the whole 
computational domain. The total enstrophy is the sum of the primary and secondary enstrophies. The 
primary component of enstrophy is the measurement of the energy of the spanwise vorticity (z). If the 
flow is purely two-dimensional, the secondary enstrophy is zero because the flow does not varies along 
the spanwise direction of the cylinder. Enstrophy is an alternative way to quantify the three-
dimensionality of flow. Figure 6.11 (a), (b) and (c) shows the plot of primary enstrophy, secondary 
enstrophy and ratio of secondary enstrophy to primary enstrophy (εz, εxy and εxy/εz), respectively, for 
rotation rates α=0, 0.5 and 1 and all the simulated reduced velocities. For the purpose of comparison, 
enstrophy of non-vibrating cylinder denoted by suffix st in the legend is also shown in the plots. The 
enstrophy is time-averaged enstrophy over one complete cycle of vibration and is nondimensionalised 
by )/( 2 DUii  = .  It is observed from Figure 6.11 (a) that the primary enstrophy remains almost 
constant and equal to its non-vibrating counterpart outside the lock-in regime, indicating that the vortex 
shedding at these reduced velocities is not affected by vibration.  However, the primary enstrophy 
increases with increasing reduced velocity in the lock-in regime starting from Vr=3 and peaks at Vr≈4-
5, after which it begins to decrease with reduced velocity till the upper boundary of lock-in regime for 
all the rotation rates. The primary enstrophy at the upper boundary of lock-in regime is very close to 
that outside the lock-in regime for all the rotation rates. The increase of the enstrophy relative to the 
case of a non-vibrating cylinder at Vr=4-7 for α≤1 indicates that the kinetic energy in the spanwise 
vortices increases due to the large-amplitude vibration in the lock-in regime. The maximum primary 
enstrophy is found to be at the boundary between the initial and lower branches, where the phase 
between the lift coefficient and the cylinder displacement changes from 0° to 180°.  It is also observed 
from Figure 6.11 (a) that the rotation rate α does not have significant effect on the primary enstrophy 
for α≤1 inside the lock-in regime since the amplitude of vibration of the cylinder inside the lock-in 
regime remains almost same for α≤1.  
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Figure 6.11 (b) shows the plot of secondary enstrophy versus reduced velocity for α=0, 0.5 and 1. 
The secondary enstrophy follows the same trend as the primary enstrophy for a vibrating cylinder. 
Significant increases in the secondary enstrophy compared with its stationary cylinder counterpart 
inside the lock-in regime for α≤1 is found, resulting in increase in the kinetic energy in the axial 
direction in this range of reduced velocities. However, it remains almost constant and close to the 
stationary cylinder counterpart outside the lock-in regime for all the rotation rates. It is also found in 
Figure 6.11 (b) that the rotation of the cylinder does not have obvious effects on the primary enstrophy 
but reduces the secondary enstrophy outside the lock-in regime, resulting in the weakening of the three-




Figure 6.11 Variations of the primary enstrophy, secondary enstrophy and the ratio of secondary to 
primary enstrophy with reduced velocity for α≤1 (the suffix st stands for a nonvibrating cylinder) 
 
Figure 6.11 (c) shows the variation of the ratio of secondary enstrophy to primary enstrophy with 
the reduced velocities and for α=0, 0.5 and 1. It is observed from Figure 6.11 (c) that zxy /    decreases 
from 0.5 to 0.3 for a stationary cylinder as the rotation rate is increased from 0 to 1. However, for the 
vibrating cylinder undergoing forced rotation, the variation in zxy /   with reduced velocity is very 
irregular and it is difficult to find the trend in variation of zxy /  . The ratio zxy /   for vibrating 
cylinder is usually less than its stationary counterpart for most of the reduced velocities when α=0 and 
0.5 whereas zxy /   fluctuates about its stationary counterpart when α=1. The contribution of primary 
enstrophy in total enstrophy is significantly higher than secondary enstrophy throughout the range of 
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reduced velocities and for all the rotation rates. This results in the dominance of the streamwise 
enstrophy for all the rotation rates and causes mode B to appear in the wake of the rotating cylinder as 
seen in three-dimensional vortex shedding flow patterns of Figure 6.9. 
 
6.5 Effects of rotation rate on the VIV suppression 
In this section, the effects of the rotation rate on the response in the lock-in regime are numerically 
investigated. Simulations are carried out for three typical reduced velocities of 5, 6 and 7 and rotation 
rates up to α=3.5 with a constant increment of 0.5. The reduced velocities under consideration are 
within the previously identified lock-in regime. The mass ratio, the Reynolds number and the damping 
ratio are 11.5, 500 and 0, respectively. 
Figure 6.12 shows the variations of the response amplitude, the mean displacement and the 
frequency of the cylinder with the rotation rate for Vr=5, 6 and 7. The amplitudes are about Ay/D=0.54 
for all the three reduced velocities for a non-rotating cylinder. It is interesting to find that the non-
dimensional amplitude of the vibration increases nonlinearly as the rotation rate increases up to a 
critical value. When 5.1 , the amplitudes of the vibration for Vr=5, 6 and 7 are very close to each 
other. The different between the vibration amplitudes for different Vr increases when 2  until the 
amplitudes reaches their maximum value. After that, the amplitude decreases abruptly and becomes 
extremely small for all the three reduced velocities. As for Vr=7, the maximum amplitude occurs at 
α=2.5 and it is about 1.85 times that at α=0. The increase of the response amplitude with increasing 
rotation rate agree with the observation in the experimental study by Wong et al. (2017). When the 
rotation rate α exceeds a critical value, the vortex shedding from a non-vibrating rotating circular 
cylinder can be suppressed, leading to a zero amplitude of the lift coefficient. Seyed-Aghazadeh and 
Modarres-Sadeghi (2015) reported that this critical value is α=2.4. The critical value at which the 
amplitude of vibration jumps to a very small value is found in this work to be α=2 for Vr=5 and α=2.5 
for Vr=6 and 7, respectively. The maximum amplitude that the vibration can achieve increases from 
around 0.7D  as Vr=5 to around 0.9D as Vr= 7. 
The variation of the mean displacement with α follows the same trend as the variation of the mean 
lift coefficient on a rotating, non-vibrating cylinder. When the rotation rate is increased from zero, the 
circular cylinder begins to vibrate about a negative mean position and the magnitude of the negative 
mean displacement of the cylinder increases with increasing α. As α increases beyond the critical value 
where the amplitude of the cylinder decreases considerably, the mean displacement does not undergo 
abrupt change. It is further observed in Figure 6.12 (b) that the magnitude of the mean displacement 
also increases with increasing reduced velocity which is consistent with the results of mean value of 
Y-displacement for smaller α in Figure 6.5. The rotation of the cylinder affects the vibration frequency 
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slightly only when the response amplitude is very small as the result of increasing α. The frequency of 
the vibration synchronizes well with the natural frequency when high amplitude is observed as seen in 





Figure 6.12 Variations of the response amplitude, mean displacement and frequency with the rotation 
rate for Vr=5, 6 and 7 
 
 
Figure 6.13 (a) and (b) shows the variation of the SD of the lift coefficient and the mean lift 
coefficient with the rotation rate for Vr=5, 6 and 7, respectively. The SD of the lift coefficient for a 
non-rotating stationary cylinder is about 0.38 at Re=500 (Zhao et al., 2013b). It can be seen that the 
RMS lift coefficient is generally small throughout the simulated range of rotation rates for all the 
reduced velocities except at the critical values of rotation rates where the lift coefficient suddenly 
increases. It has been shown in Figure 6.6 (a) that the SD of the lift coefficient is very sensitive to the 
reduced velocity as the latter is between 4 to 6. If the reduced velocity is around 5, the SD of the lift 
coefficient changes significantly at the boundary where the vibration changes its modes. By comparing 
Figure 6.13 (a) with Figure 6.12 (a) it is found that the increase in the SD of the lift coefficient with 
rotation rate is mainly responsible for the increase in amplitude of vibration with increasing rotation 






















































Figure 6.13 Variations of the force coefficient and the correlation coefficient between the 
displacement and the lift coefficient with the rotation rate 
 
The mean lift coefficient increases in the negative y-direction with increasing rotation rate for all 
the reduced velocities, leading to an increase in the mean position of the cylinder in the negative y-
direction. Increasing reduced velocity from 5 to 7 however does not change the mean lift coefficient. 
Since the dimensional lift force is proportional to the square of the velocity, the lift coefficient that is 
independent of the reduced velocity indeed makes the displacement increase with increasing reduced 
velocity. Figure 6.13 (c) shows the variation of the phase difference R(Y,CL) with the rotation rate for 
Vr=5, 6 and 7. It was shown in Figure 7 that R(Y,CL) is negative in the lock-in regime when 1 . It 
is interesting to see that R(Y,CL) becomes positive as α increases from 1.5 to 2.5, where the amplitude 
of the vibration becomes very small. It should be noted that the reason why the vibration amplitude 
reduces significantly as α exceeds 2.5 for Vr=5 and 3 for Vr=6 and 7 is because of the suppression of 
the vortex shedding, instead of the desynchronization between the vortex shedding and the vibration. 
The vibration frequencies at large rotation rates are still close to the natural frequency as shown in 




















































Figure 6.14: Iso-surface of the eigenvalue e2=-0.5 for Vr=6 
 
 
Figure 6.14 shows the three-dimensional vortex shedding patterns in the wake of the circular 
cylinder for reduced velocity of 6 and α=1.5, 2, 2.5 and 3. The wake flow is totally three-dimensional 
in the entire range of rotation rate. It is further observed that the flow becomes increasingly biased 
towards one side of the cylinder when the rotation rate is increased to 3. At Vr=6 and α=3, vortices are 
only generated from one side of the circular cylinder, resulting in a single-side vortex street that is very 
different from the traditional Karman vortex street. Although the single-side vortex street is still 
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dynamic, it does not lead to large amplitude vibration of the cylinder, mainly because there is not 
strong oscillation of the lift force due to the interaction between the shear layers from the two sides of 
the cylinder. When vortices are only generated from one side of the circular cylinder due to the fast 
rotation, hairpin vortices are observed, as shown in Figure 6.14 (d). Hairpin vortices generated from a 
rotating sheared flow has been previously reported by (Rosenfeld et al., 1999). The hairpin vortices 
are found to generate from the cylinder surface and dissipate in the wake of the cylinder. It is interesting 
to find that for α=3, where the vibration of the cylinder is almost fully suppressed, the high rotation 
speed gives rise to the generation of ring-shaped vortices in the tangential direction of the circular 
cylinder on the side upstream. These ring-shaped vortices are only observed when the rotation rate is 






Figure 6.15 Contours of the spanwise vorticity averaged over the cylinder span for Vr=6 
 
Figure 6.15 shows the contours of the spanwise vorticity averaged over the cylinder span for Vr=6. 
When 2 , although the vortex street shifts upwards slightly, vortex shedding from both sides of the 
cylinder can be clearly seen, and the vortex shedding is in a 2P mode with two pair of vortices shed 













vortices A1 and B2 are shed from the cylinder. Vortex A1 forms a pair with A2, which is the second 
vortex that is shed from the cylinder when the cylinder moves downwards in the previous vibration 
period. When the cylinder moves downwards, two vortices are shed from the cylinder and one (B1) of 
them forms a pair with B2. Strong interaction between the shear layers from the two sides of the 
cylinders is observed immediately behind the circular cylinder. At α=2.5, vortex shedding can also be 
clearly seen in the wake of the circular cylinder. However, it appears that the vortex shedding is in a 
2S mode where one pair of vortex is shed from the cylinder in one period of vibration, and the vortex 
street is biased towards the rotational direction of the circular cylinder. The vortex that is shed from 
the bottom side of the cylinder splits into two while it moves downstream.  
For Vr=6 and α≥3, which is greater than the critical rotation rate where VIV is suppressed, no 
vortex shedding is observed, resulting in a very weak oscillation of the lift force. It appears that the 
whole cylinder surface is wrapped by the negative vorticity due to the rotation of the circular cylinder, 
and the positive shear layer on the bottom side of the cylinder is extremely weak. The interaction 
between the shear layers from the two sides of the cylinder does not exist. It was also found from 
Figure 6.15 that the strength of the vortices in the wake of the cylinder decreases with increasing α 
beyond critical rotation rate. For the cases with α=3 and 3.5, very weak vortices can only be seen in 
the vicinity of the circular cylinder.  
Figure 6.16 (a) shows the variation of primary enstrophy as a function of rotation rate for Vr=5, 6 
and 7, respectively. It is observed from the plot that the primary enstrophy grows nonlinearly with 
rotation rate up to a critical rotation rate where maximum amplitude of vibration is observed for the 
range of reduced velocities considered. The critical value of α is 2 for Vr=5 and is 2.5 for Vr=6 and 7 
as observed in the amplitude response. It is interesting to observe that the primary enstrophy decreases 
suddenly after critical value where amplitude of vibration becomes very small and then increases again. 
This increase in the primary enstrophy after the critical rotation rate is due to the high speed of rotation 
of the circular cylinder which increases the vorticity in the boundary layer. The strong rotational shear 
layer results in ring shaped vortices which wrap around the surface of the cylinder as observed in 
Figure 6.14 (e) and (f). It is interesting to observe that the large deviation in primary enstrophy after 
critical rotation rate is mainly due to appearance of ring shaped vortices since otherwise very weak 
vortices are found to exist in the vicinity of the cylinder as observed in 6.14 (e) and (f). There is a 
significant decrease in the primary enstrophy as Vr is increased from 5 to 7 before the critical rotation 
rate where VIV is suppressed which is consistent with Figure 6.11 (a). However, at rotation rates higher 







Figure 6.16 Variations of the primary enstrophy, secondary enstrophy and the ratio of secondary 
enstrophy to primary enstrophy with the rotation are for Vr=5, 6 and 7 
 
On the contrary, the secondary enstrophy generally decreases with increasing rotation rate up to 
rotation rate α of 2.5 for Vr=5, 6 and 7 and then increases again at higher rotation speed of α>2.5 as 
observed from Figure 6.16 (b). The decrease in the strength of secondary enstrophy results in 
weakening of the three-dimensionality of the flow. The primary enstrophy is significantly higher than 
the secondary enstrophy. This is also evident from Figure 6.16 (c) which shows the variation of zxy /   
with the rotation rate. It can be seen that zxy /   decreases with rotation rate and becomes almost 0.15 
at rotation rate α≥2.5 for Vr=5, 6 and 7. This decrease in the strength of streamwise vortices results in 
the generation of hairpin vortices in the wake of the cylinder due to elongated shear layer from one 
side of the cylinder at higher rotation rate beyond critical rotation rate. It is further observed that the 
ratio zxy /   for Vr=6 and 7 is mostly higher as compared to Vr=5 till rotation rate α=2 after which it 
becomes same for all reduced velocities. 
 
6.6 Conclusions 
Three-dimensional numerical investigations of VIV of a rotating circular cylinder are carried out 
at Re=500, m*=11.5 and ζ=0. Following conclusions are drawn from this study. 
The rotation of the circular cylinder causes the symmetry of the flow to break due to the Magnus 
effect. As a result, the rotating cylinder begins to vibrate pre-dominantly about a negative balance 
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position. Distinct lock-in regimes are observed for both non-rotating and rotating cylinder as α=0, 0.5 
and 1. However, the lock-in regime widens as the rotation rate is increased from 0 to 1.  
The standard deviation of the lift coefficient reaches its minimum value at a reduced velocity of 4 
for all the relatively low rotation rates of α=0, 0.5 and 1. The mean lift coefficient is found to be 
negative and its magnitude increases with increasing rotation rate. The correlation between the lift 
coefficient and the displacement for a rotating cylinder is found to be the same as that of a non-rotating 
cylinder. The lift coefficient and the displacement are in phase with each other till reduced velocity 
Vr=4, and out of phase with each other as Vr>4. The correlation between the sectional lift coefficient 
and the displacement does not vary along the cylinder span, indicating that the flow does not change 
notably along the cylinder span, at least for the present rotating circular cylinder with a length of 6.4D. 
By analyzing the enstrophy of the cylinder, it is revealed that the flow in the wake of vibrating cylinder 
undergoing forced rotation is similar to its stationary counterpart outside the lock-in regime for α≤1. 
However, there is a significant increase in the total enstrophy inside the lock-in regime.  
In second part of this chapter, the effects of the rotation rate on the VIV and the suppression of 
VIV are emphasized. Simulations are performed for rotation rates up to 3.5 and typical reduced 
velocities of 5, 6 and 7 in the lock-in regime. The vortex shedding is suppressed as rotation rate is 
greater than 2 for Vr=5 and greater than 2.5 for Vr=6 and 7. The amplitude of the vibration becomes 
nearly zero as the rotation rate is greater than the critical value. Moreover, the vibration amplitude is 
found to increase with increasing α and reaches its maximum at the critical values of rotation rate. 
Both the mean displacement and the mean lift coefficient increase with increasing rotation rate. Hairpin 
vortices in the circumferential direction of the cylinder develop around the circular cylinder as the 
rotation rate is greater than the critical value for VIV suppression. The vortex shedding is mostly in 2P 
regime when the rotation rate is smaller than the critical value, whereas the 2S regime can be identified 
near the critical rotation rate. No vortex shedding or vibration is observed as α is greater than the 
critical value. The analysis of enstrophy reveals that the contribution of three-dimensionality becomes 
less with increasing rotation rate. The secondary to primary enstrophy ratio is around 15% when α ≥2.5 












Chapter Seven: Effects of gap ratio on flow-induced 
vibration of two rigidly coupled side-by-side cylinders 
 
Vortex-induced vibration of two elastically mounted and rigidly coupled side-by-side circular 
cylinders in uniform flow is investigated using Direct Numerical Simulations (DNS). The two 
cylinders are allowed to vibrate in the cross-flow direction only. The aim of this study is to investigate 
the effect of gap ratio between the two cylinders on the vibration and wake flow. To achieve this, 
simulations are performed for gap ratios of 0.5, 1 and 3 and a wide range of reduced velocities from 1 
to 20. The Reynolds number, the mass ratio and the damping ratio are 1000, 2 and 0, respectively. For 
small gap ratios of 0.5 and 1, the range of reduced velocity with high vibration amplitude is divided 
into a lock-in regime and a subharmonic regime. The subharmonic regime is a regime where the 
vibration frequency is half the dominant frequency of each individual cylinder’s lift coefficient. In the 
subharmonic regime, the dominant frequency components of the two cylinders do not contribute to the 
vibration because they are out of phase with each other. In the lock-in and subharmonic regimes, the 
wake is vortex shedding flow instead of biased gap flow for small gap ratios of G=0.5 and 1. The 
combination of lock-in and subharmonic regimes at G=0.5 and 1 are wider than the lock-in regime of 
a single cylinder. The weak interference between the two cylinders make the lock-in regime of G=3 
the same as that of a single cylinder. A single vortex street wider than that of a single cylinder is found 
for G=0.5 and two vortex streets are found for G=3. For G=1, vortex shedding happens but clearly 
defined vortex street does not exist because strong interaction between the vortices causes very fast 
dissipation of the vortices. 
 
7.1 Introduction 
It is well-known that vibration of cylindrical structures in fluid flow occurs mainly due to dynamic 
vortex shedding flow. Flow-induced vibration of such structures is typically called vortex-induced 
vibration (VIV). There is a considerable amount of literature on VIV of a circular cylinder (Bearman, 
1984, Parkinson, 1989, Sarpkaya, 1979, Sarpkaya, 2004, Williamson and Govardhan, 2004). It is well 
known that when an elastically mounted cylinder is placed in a steady fluid flow, large amplitude of 
vibration is observed due to the synchronization between the vortex shedding frequency and the 
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oscillation frequency of the cylinder which is described as ‘lock-in’ in the literature (Bishop and 
Hassan, 1964, Parkinson, 1974, Williamson and Roshko, 1988, Blevins, 1990). The ‘lock-in’ regime 
occurs over a range of reduced velocities and outside the lock-in regime, the vortex shedding frequency 
follows the Strouhal law of a stationary cylinder. The reduced velocity is defined as DfUV nr /=  where 
U is the free stream velocity, fn is the structural natural frequency and D is the diameter of the cylinder, 
respectively. The lock-in regime is dependent on the mass ratio dmmm /* = , where m is the mass of 
the cylinder and md is the displaced mass of the fluid and damping ratio )2/( Kmc= , where c is 
the damping coefficient and K is the spring constant. 
Williamson and Roshko (1988) conducted experiments on forced vibration of a circular cylinder 
in the cross-flow direction at Reynolds numbers in the range of Re=300-1000. They found that the 
modes of the vortex shedding were affected by the amplitude of the vibration. They identified different 
vortex shedding modes based on the number of vortices that are shed from the cylinder in one cycle of 
vibration. For VIV of a circular cylinder vibrating in the cross-flow direction with low mass ratios, the 
vortex shedding is in the 2S mode in the initial branch and 2P mode in the upper and lower branch 
(Govardhan and Williamson, 2000). 2S and 2P means that two singles and two pairs of vortices are 
shed from the cylinder in one cycle of vibration, respectively. If a cylinder is allowed to vibrate both 
in the inline and crossflow directions, the maximum response amplitude is increased to about 1.5 
diameters of the cylinder in the new super upper branch (Jauvtis and Williamson, 2004), where a 2T 
wake flow mode (two triplets of vortices are shed from the cylinder in each vibration cycle) was 
observed. Zhao et al. (2014a) found the critical Reynolds number above which the flow becomes three-
dimensional in the lock-in regime of VIV is higher than that for a stationary cylinder. They observed 
that the flow remained two-dimensional at Re=250 and became weekly three-dimensional at Re=300 
for a vibrating cylinder.  Mittal (2013) observed that the frequency of vibration was the same as the 
vortex shedding frequency in the upper branch, but slightly different from the natural frequency of the 
cylinder at Re=1000. A few other three-dimensional numerical studies have been performed to study 
the underlying dynamics of VIV with varying cylinder or non-uniform flow condition (Zhao et al, 
2015, Kaja et al., 2016). 
The wake interference between multiple cylinders is not only important from the engineering 
perspective but also challenging in terms of physics behind it. Many studies have been performed to 
understand the interference between two cylinders in a fluid flow and its effects on the vortex shedding 
(Zdravkovich, 1977, Zdravkovich, 1987, Zdravkovich, 1988). Williamson (1985) found that for a 
certain range of gap between two cylinders in a side-by-side arrangement, the wakes from the two 
cylinders were synchronized, i.e., they were either in phase or out of phase with each other. Only one 
146 
 
wake is formed when the gap between two side-by-side cylinders in a fluid flow is less than 1.2D 
(Alam et al., 2003, Bearman and Wadcock, 1973, Kim and Durbin, 1988, Williamson, 1985). In this 
study, the gap G is defined as the minimum distance between two cylinders as shown in Figure 1. 
Alam et al. (2003) found that, as the gap ratio between two side-by-side circular cylinders is less than 
1.2, the gap flow was biased towards one cylinder, resulting in the formation of a narrow wake behind 
one cylinder and a wide wake behind the other.  
 
 
Figure 7.1  Sketch of flow induced vibration of rigidly connected two circular cylinders in side-by-
side arrangement 
 
VIV of two circular cylinders is not studied as extensively as flow past two stationary cylinders 
or VIV of a single cylinder. Fontaine et al. (2005) classified the response of two riser pipes in a tandem 
arrangement in two categories: Wake induced Oscillations (WIO) and Vortex-induced vibrations. WIO 
was also found by Bhatt and Alam (2018) when a cylinder is in a wake of another cylinder. Numerical 
studies on VIV of two cylinders in tandem were mainly conducted at relatively low Reynolds numbers 
and center-to-center distance between the two cylinders of 5 or 5.5 diameters (Jester and Kallinderis, 
2004, Mittal and Kumar, 2001b, Mittal and Kumar, 2004). Zhao and Yan (2013) investigated VIV of 
two cylinders of different diameters close to each other in laminar flow regime and found that the 
interference between the two cylinders has a significant effect on VIV. 
Huera-Huarte and Gharib (2011) through experimental investigation found that the interference 
between the two side-by-side cylinders was very weak if the center-to-center gap exceeded 3.5 times 
the cylinder diameter. Wang et al. (2008) found that the enhancement of the response by the turbulence 












(2-D) numerical study at Re=150 found that for two cylinders in a side-by-side arrangement, the 
response was dominated by VIV when Vr<15; whereas the high amplitude response observed at Vr ≥15 
was attributed to galloping for gap ratios of 0.5D and 1D between the centers of the two cylinders. Liu 
and Jaiman (2016) and Guan and Jaiman (2017) used a 2-D numerical model to study VIV of an 
elastically mounted circular cylinder on one side of an identical rigid cylinder at small Reynolds 
numbers in the laminar flow regime. It was found that that when the gap between the two cylinder is 
small, the wakes are synchronized in an out-of-phase pattern and the gap flow deflects towards the 
vibrating cylinder. Xu et al. (2018) investigated VIV of flexible two side-by-side cylinders 
experimentally at large gap ratios (3 and above) and found that vibration frequencies of the two 
cylinders approximately increases linearly with increasing reduced velocity. Huera-Huarte (2018) 
recently investigated VIV of a low mass-damping circular cylinder in the vicinity of a second stationary 
cylinder.  
Flow past two side-by-side cylinders is intrinsically three-dimensional (3-D) except for very small 
Reynolds numbers, which does not exist in many engineering applications. The biased gap flow 
through two cylinders with a very small gap has been found to have significant effects on the force 
coefficient. However, the effect of gap flow on VIV in the turbulent flow regime has not been studied 
so far. In the light of above discussion, the aim of the present 3-D numerical study is to investigate the 
effect of gap between two side-by-side circular cylinders on VIV. The two cylinders are rigidly 
connected to each other and move as a single unit. To achieve this, the Reynolds number is set to 1000 
in the present study. Reynolds number is defined as Re=UD/ν where U is the free stream velocity, D 
is the diameter of each cylinder and ν is the viscosity of the fluid, respectively. Direct Numerical 
Simulations (DNS) are carried out for a range of reduced velocities from 1 to 20 and three gap ratios 
of G/D=0.5, 1 and 3. The length of the two cylinders are 7.2 diameters each. The mass ratio of 2 is 
used in this study and damping ratio is set to zero. The focus of the study is twofold: to investigate the 
effect of gap ratio and reduced velocity on the amplitude and frequency of vibration; and to study 
three-dimensional vortex shedding flow in the wake of the two cylinders. The two-rigidly connected 
cylinders have applications in offshore double-pipeline systems and shell and tube type heat 
exchangers in which the tubes are stacked together and prone to VIV. 
 
7.2 Numerical method 
Figure 7.1 shows the computational domain for flow around two rigidly connected and elastically 
mounted circular cylinders in a side-by-side arrangement. To simulate the flow, the three-dimensional 
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incompressible Navier-stokes equations are solved using the Petrov-Galerkin finite element method 
developed by Zhao et al. (2009). To consider the movement of the cylinders in the simulations, the NS 
equations are solved in a moving mesh configuration using the Arbitrary-Langrangian-Eulerian (ALE) 
scheme. The velocity (u,v,w), the time t, the length (x, y, z), and the pressure p are non-dimensionalized 
as Dfwvuwvu n/)~,~,~(),,( = , nftt
~= , Dzyxzyx /)~,~,~(),,( =  and )/(~ 22Dfpp n= , respectively, where the 
tildes denote the dimensional parameters and ρ is the fluid density. The non-dimensional NS equations 



































)ˆ( ,                   (7.2) 
where xi (x1=x, x2=y, x3=z) represents the Cartesian coordinate, ui is the fluid velocity in the xi-direction, 
t is the time, p is the pressure and 
iû  is the velocity of the mesh. Based on the above non-dimensional 
method, the non-dimensional natural frequency is 1 and the non-dimensional incoming velocity is the 
reduced velocity. The non-dimensional equation of motion for calculating the displacement of the 
cylinder based on the non-dimensionalized procedure outlined above is expressed as: 

















 =++ ,           (7.3) 
where Y is the displacement of the cylinder and CL is the lift coefficient of the cylinder system defined 
as CL=FL/(ρDLU2/2) where FL is the sum of the lift force on the two cylinders which is obtained by 
integrating the shear stress and pressure over the entire surfaces of the two cylinders. After each 
computational time step, the boundary of the computational domain changes because of the 
displacement of the cylinders. The positions of the finite element nodes are moved accordingly by 
solving the modified Laplace equation (Zhao et al., 2014a): 
             0).( = yS ,                                  (7.4) 
where Sy represents the displacement of the nodal points in the y-direction and   is a parameter that 
controls the mesh deformation, which is set to be A/1=  with A being the volume of the element. 
Equation (7.4) is solved using the Galerkin finite element method. The boundary conditions for Eq. 
(7.4) are specified as follows. Sy is the same as the displacement of the cylinder on the cylinder surface, 
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the gradient of Sy in the z-direction are zero on the two end boundaries and Sy is zero on the rest of the 
boundaries. 
To enable the NS equations to be solved using Direct Numerical Simulation (DNS) with 
affordable computational time, a relatively low Reynolds number of Re=1000 in the turbulent wake 
flow regime is chosen. The boundary conditions for the governing equations are as follows: A uniform 
distributed flow with a non-dimensional velocity of Vr in the positive x-direction is given at the inlet 
boundary. At the outlet boundary, the gradient of the velocity in the x-direction is zero and the pressure 
is zero. At the top, bottom and the two side boundaries, symmetric boundary is employed, i.e., the 
velocity component perpendicular to the boundary is zero and those parallel to the boundary are 
calculated using the momentum equation. On the cylinder surfaces, no-slip boundary condition is 
employed, i.e., the fluid velocity is the same as the vibration velocity of the cylinder. Figure 7.2 shows 
the computational mesh near one end boundary. The whole computational domain is divided in to 72 
layers of identical 2D mesh in the z-direction and totally consists of about 1 million 8-node hexahedron 
tri-linear elements. The density of the mesh and the element size in the spanwise direction of the 
cylinder used in this study is the same as the one used by Zhao et al. (2014a), who conducted a mesh 
dependency study for Re=1000. The surface of each cylinder is divided into 96 elements in the 
circumferential direction and the non-dimensional mesh size in the radial direction is 0.002 on the 




Figure 7.2: Computational mesh around the two cylinders 
150 
 
The validation of the numerical model on the simulation of VIV and flow past multiple cylinders 
has been conducted in previous work and will not be repeated here. Zhao et al. (2014a) used the present 
numerical model to simulate VIV of a circular cylinder at Re=1000, m*=2 and ζ=0 and their numerical 
results agree well with the experimental data by Khalak and Williamson (1997) and the 3-D numerical 
results by Navrose and Mittal (2013). Using the same numerical model, Thapa et al. (2015) simulated 
flow past two side-by-side cylinders for G=0.5 to 5 and obtained very good agreement between 
numerical results and published experimental data.  
 
 
















































































































7.3 Numerical results 
7.3.1 Vibration amplitude and frequency 
 Simulation for each case is performed for long enough time to ensure at least twenty periods of 
steady state vibration has been obtained. Figure 7.3 shows the time histories of the displacement Y of 
the two rigidly coupled side-by-side cylinders for some representative reduced velocities and three 
gaps. Generally, high amplitude is observed for reduced velocities in the range of Vr=3-20 for G=0.5, 
Vr=3-15 for G=1 and Vr=3-10 for G=3, respectively. The vibration is periodic when its amplitude is 
high for all the gap ratios. However, the vibration amplitude at G=1 varies significantly with time for 
most of the reduced velocities. As G=1 and Vr=16, the vibration amplitude decreases suddenly to 
almost zero and the mean position of the cylinder becomes negative at time 13t . Vr=16 is the upper 
boundary reduced velocity of the high-amplitude range for G=1. The phenomenon of biased flow 
through the gap has previously been found for two stationary side-by-side cylinders when the gap 
between them is less than a critical value (Alam. et al, 2003). Biased flow was also observed if the two 
cylinders are elastically mounted individually (Kim and Alam, 2015). As the vibration amplitude is 
small and G=0.5 and 1, the flow through the gap becomes biased and is similar to that observed 
previously for two stationary cylinders (Thapa et al., 2015). At G=3, the effect of gap on the wake 
flow becomes weak and as a result, the cylinders almost vibrate close to the zero mean position. 
Figure 7.4 shows the variations of the vibration frequency, response amplitude and mean 
displacement of the cylinder with the reduced velocity. The response amplitude Ay in the y-direction 
is defined as Ay=(Ymax-Ymin)/2, where the maximum displacement Ymax and the minimum displacement 
Ymin are obtained from the time histories of cylinder vibration, and the mean displacement is averaged 
displacement over time. For the purpose of comparison, the results from Zhao et al., 2014a for VIV of 
a single cylinder at Re=1000 and m*=2 are also plotted in Figure 7.4. The Strouhal number of vortex 
shedding of an isolated, single stationary cylinder for Re=1000 is about 0.21 (Zhao et al., 2009). The 
vibration frequency based on St=fyD/U=0.21 is defined as Strouhal frequency and marked in Figure 
7.4 (a). 
An important feature of VIV is synchronization, also known as lock-in, where the vibration 
frequency and the frequency of the wake vortex mode synchronize and they are different from the 
Strouhal frequency (Khalak and Williamson, 1999, Govardhan and Williamson, 2000, Sarpkaya, 
2004). In experiments of VIV of a cylinder in steady flow at high mass ratios, the vibration frequency 
in the lock-in regime is close to the natural frequency (Feng, 1968).  When the experiments were 
conducted in water with low mass ratios, the vibration frequency lock-in regime was found to be 
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greater than the natural frequency measured in water, which is referred to as fNW (Khalak and 
Williamson, 1999). Generally, in the numerical simulations, the non-dimensional vibration frequency 
and the reduced velocity were defined using the structural natural frequency measured in vacuum (fn) 
and it was found that  fy/ fn is close to 1 in the lock-in regime at a low mass ratio of 2 (Lucor et al., 




Figure 7.4: Variations of the vibration amplitude, mean displacement of the cylinder and the 
















































In Figure 7.4, the lock-in observed for a single cylinder is within the range of reduced of 3<Vr<10 
with a maximum amplitude Ay≈0.6. For a single cylinder, the reduced velocities of Vr=4 and 5 are in 
the upper branch, where the frequency increases with the increase of the reduced velocity and Vr=6 – 
10 are in the lower branch, where the frequency remains nearly constant. 
 
Figure 7.5 FFT spectra of the displacement and lift coefficient for G=0.5 
 
At G=0.5 and 1, fy increases with increasing Vr at large rate when Vr is either small or large and 
with small rate in the middle range of Vr. The vibration frequency remains nearly unchanged as Vr is 
in the range of 3 to 5, indicating the lock-in between the vortex shedding and the vibration of the 
cylinder. It is interesting to see when 6r V , the vibration amplitude remains high and at the same 
time, frequency increases with the increase of Vr but does not follow the Strouhal law. The correlation 
between the vibration frequency and the frequency of the lift coefficient are shown through the 
amplitude spectra obtained using Fast Fourier Transform (FFT) in Figure 7.5. In each spectrum, the 


















































































































(c) Total lift coefficient
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of the displacement and lift coefficient, respectively and Aypeak and ACL,peak are the highest peak value 
of the spectrum. The lift coefficient of a cylinder is defined as )2//( 2LL DLUFC = , where FL is the 
lift force on the cylinder. CL1 and CL2 stand for the lift coefficients of the bottom and top cylinders, 
respectively, and CL12 is the total lift coefficient on the two cylinders, i.e. CL12=CL1+CL2The vibration 
frequency and the dominant frequency of individual cylinder synchronize at 5r V . When 7r V , the 
vibration frequency synchronizes with half the frequency of each cylinder’s lift coefficient. In this 
study, the reduced velocity regime where the vibration frequency synchronizes with half of each 
individual cylinder’s lift coefficient is defined as the subharmonic regime. At G=0.5, the subharmonic 
regime is 207 r V . The maximum amplitude of vibration inside the subharmonic regime at G=0.5 
is almost twice that of a single cylinder. Ay at G=0.5 increases up to 1.21 as reduced velocity is 
increased from 1 to 8, after which it decreases with increasing Vr slowly and is Ay=0.83 at the largest 











































































































(c) Total lift coefficient
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Figure 7.6 shows the FFT spectra of the displacement and lift coefficient for G=1. The peak 
frequency of the lift coefficient of each individual cylinder increases monotonically with the increase 
of the reduced velocity as G=1 in the whole considered range of Vr. The vibration frequency and the 
frequency of each cylinder’s lift coefficient lock-in with each other at Vr=3 and 4. The lower branch 
where both the vibration frequency and the frequency of lift coefficient remain constant was not 
observed. In the reduced velocity range of 95 r V , the vibration frequency is close to the natural 
frequency but increases slightly with the increase in Vr, while the FFT spectra of the lift coefficient of 
both cylinders are broad banded with peak frequencies higher than the vibration frequency (Figure 7.6 
(b)). Since the vibration frequency is lower than the frequency of each cylinder’s lift coefficient, the 
range of 95 r V  is in the subharmonic regime. The reduced velocity range of 1410 r V is the 
subharmonic regime where the vibration frequency is half of the frequency of each individual cylinder. 
At Vr=16 and 18, the vibration amplitudes for G=1 become very small. The amplitude of vibration at 
G=1 is close to that of a single cylinder inside the lock-in regime. The existence of the subharmonic 
regime widens the high-amplitude range of the reduced velocity. The extended high-amplitude regime 
was also observed by Kim and Alam (2015) for two flexibly connected side-by-side cylinders when 
G≥2. 
The effect of gap flow becomes less profound at the gap ratio of G=3 (Kim and Alam., 2015) and 
the lock-in regime at G=3 is similar to that for single cylinder (Khalak and Williamson., 1999).  Both 
the vibration frequency and amplitude at G=3 are found to be close to their corresponding values in 
the case of a single cylinder, except at Vr=3, the lower boundary of the lock-in regime, where the 
amplitude of vibration at G=3 is higher than that of a single cylinder. The variation of the vibration 
frequency of a single cylinder with the reduced velocity is very weak in the lower-branch of the high 
amplitude mode in previous experimental and numerical simulations. For a single cylinder and G=3, 
fy increases with increasing reduced velocity until Vr=6, where it is close to 1. After that, fy remains 
nearly unchanged until the upper boundary of lock-in regime.  
The classification of the high-amplitude range of the reduced velocity can be summarized as 
follows:  
• G=0.5: Lock-in regime is 53 r V  and subharmonic regime is 206 r V .  
• G=1: Lock-in regime is 43 r V  and subharmonic regime is 145 r V . 
• G=3: Lock-in regime is 93 r V . 
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If the cylinders are stationary with small gaps of G=0.5 and 1, the biased flow through the gap 
which is directed towards one cylinder results in a net total lift force on the cylinder (Alam et al., 
2003). It can be seen by comparing Figure 7.4 (b) with Figure 7.4 (c) that the mean position of the 
cylinder || Y is nearly zero when the cylinder vibrates at large amplitude for G=0.5 and 1, and 
increases significantly once the vibration amplitude decreases as a result of increasing Vr. The 
magnitude of the mean displacement || Y is used instead of Y  in Figure 7.4 (c) because whether the 
cylinder biases upwards or downwards is purely random. In the reduced velocity range of 143 r V  
the mean displacements of the cylinders for G=0.5 and 1 are nearly zero and do not increases with 
increasing Vr, indicating that the biased flow as in the case of stationary cylinders does not exist. 
However, non-zero mean position of the cylinder at large reduced velocities for G=0.5 and 1 indicate 
that the vibration of the cylinder tends to become biased at these reduced velocities. The cylinder 
mostly vibrates about zero mean position when G=3. 
7.3.2 Wake flow patterns 
7.3.2.1 Three-dimensionality of the flow 
The wake flows of VIV of a circular at Re=1000 are entirely three-dimensional and many wake 
vortices are in the directions perpendicular to the cylinder span, i.e. in the x- or y-direction (Zhao et 
al., 2014a). To quantify the energy dissipation and vortex energy transfer due to the three-
dimensionality of the flow, the enstrophy of the flow around the two side-by-side vibrating cylinders 
is computed. The enstrophy represents the measure of kinetic energy corresponding to the dissipation 
effects in the flow field. The following two enstrophy components are considered to quantify the 
effects of energy of vortices (Papaioannou et al. 2006):  
   

= d2zz          (7.6)  
   

+= d)( 22 yxxy         (7.7) 
where z  and xy  are defined as the primary and secondary enstrophies (Tong et, al., 2015), and ωx, 
ωy and ωz are the non-dimensional vorticity in the x-, y- and z-directions, respectively. The vorticity 
in the xi-direction is non-dimensionalized by UD /~ii  = , where i
~ is the dimensional vorticity.  
157 
 
Figure 7.7 shows variation of the enstrophy with the reduced velocity. It is interesting to see that 
the primary and secondary enstrophies follow the same trend and are found to be correlated with the 
vibration amplitude well. For G=3, where the gap has a very weak effect on VIV, both the enstrophy 
and the vibration amplitude reaches their maximum values at Vr=5, above which the enstrophy 
decreases with increasing Vr. For both G=0.5 and 1, the enstrophy increases significantly as Vr 
increases from 2 to 3, so does the vibration amplitude. At Vr>3, the enstrophy at G=0.5 does not reduce 
as it does at G=3, but instead remains consistently high until Vr=20, indicating that the vortices are not 
weakened. This is the reason why the amplitude for G=0.5 remains high until Vr=20. At G=1, the 
enstrophy decreases gradually at Vr>3. The values of the primary enstrophy decreases significantly at 
Vr=16 for G=1, so does the vibration amplitude. The ratio zxy  /  varies slightly between 0.35 and 0.5 
for all the cases and does not change significantly with the increase of Vr, indicating that the spanwise 
wake vortices are stronger than the vortices that are perpendicular to the cylinder. The variation of the 
secondary enstrophy with the reduced velocity is more or less the same as that of the primary 
enstrophy, resulting in very weak variation of zxy  / .  
If the vibration amplitude is very small, the wake flow structure should be very similar to that in 
the wake of two stationary cylinders, which is characterized by biased gap flow (Williamson, 1985, 
Kim and Durbin, 1988, Kim and Alam, 2015). Figure 7.8 shows vorticity contours, time histories and 
FFT  spectra of the displacement and lift coefficient at Vr=2 and G=0.5. In the discussion in this chapter, 
all the contours of vorticity on the xy-plane are generated based on the averaged vorticity over the 
spanwise direction of the cylinder. The spectra of the lift coefficients are shifted upwards with different 
levels to avoid overlaping between them. The biased wake flow in Figure 7.8 is very similar to that in 
the wake of two stationary cylinders with G=0.5. The flow through the gap deflects towards the bottom 
cylinder in the whole vibration cycle, forming a wide wake behind the top cylinder and narrow wake 
behind the bottom cylinder. It can be seen that the lift coefficients are in phase with the displacement. 
It has previously been shown by Khalak and Williamson (1999) that the lift coefficient and vibration 
displacement are in phase with each other in the initial branch of lock-in for a single cylinder which is 
consistent with the present results at low reduced velicoties. Since the gap flow biases downwards, the 
mean lift coefficient CL1 is greater than CL2, resulting in a negative total lift coefficient and a negative 
mean displacement of the cylinder. Since the spring is strong at low reduced velocities, the magnitude 
of the negative mean displacement is very small. All frequencies of CL1, CL2, CL12 and Y are found to 







Figure 7.7 Variations of the primary enstrophy, secondary enstrophy and the ratio of secondary 
enstrophy to primary enstrophy with the reduced velocity for G=0.5, 1 and 3 
 
7.3.2.2 Flow structures for G=0.5   
Figure 7.9 shows vorticity contours and the time histories of displacement and lift coefficient at 
Vr=3 and G=0.5. Vortices are found to be shed from gap of the cylinders. Compared with those in 






































(c) Ratio of secondary to primary enstrophy
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they form vortices. Although vortices are generated from the gap sides of the cylinders, they are too 
weak to have significant influence on the wake flow. As the result, only two rows of vortices are 
generated from the outer sides of the cylinder system. Small scale vortices generated from the gap of 
the cylinders are merged into the two rows of main vortices. Same as those for Vr=2, all the forces on 
both cylinders are perfectly in phase with the displacement, resulting in the peak value of the total lift 
coefficent which is same as the sum of those of individual cylinders in Figure 7.9 (f). The lift 
coefficient of each cylinder has a secondary frequency which is twice the vibration frequency (referred 




   
 
Figure 7.8  Vorticity contours, time histories and FFT spectra of the displacement and lift coefficient 








































(a) t = 118.8  (b) t = 119.4  















Figure 7.9 Vorticity contours, time histories and FFT spectra of the displacement and lift 
coefficient for Vr=3 and G=0.5 
 
Figure 7.10 shows vorticity contours, the time histories and the FFT spectra for Vr=7 and G=0.5, 
which is in the subharmonic regime. The vortex flow structures in Figure 7.10 is characterized by 
strong vortex shedding from both the two outer sides and the inner sides of the two cylinders. 
Interestingly, the lift coefficient of each individual cylinder has two frequencies: one is the same as the 
vibration frequency and another one is twice the vibration frequency. The amplitude of the high 
frequency component of each cylinder’s lift coefficient is greater than the single frequency component. 
Since the high frequency components of the two lift coefficients are perfectly out of phase with each 
other as shown in Figure 7.10 (e), the total lift coefficient CL12 only has a single frequency that 














































(a) t = 83.2  (b) t = 83.5  
(c) t = 83.8  (d) t = 84.4  
161 
 
vibration displacement is maximum and minimum (Figure 7.10 (a) and (c)) are nearly symmetric with 





Figure 7.10 Vorticity contours, time histories and FFT spectra of the displacement and lift coefficient 















































Figure 7.11 Vorticity contours, time histories and FFT spectra of the displacement and lift 
coefficient for Vr=16 and G/D=0.5 
 
Figure 7.11 shows vorticity contours, the time histories and FFT spectra for Vr=16 and G=0.5. 
When the cylinder is at its lowest position in Figure 7.11 (a), the two positive vortices from the two 










































(a) t = 16.15 (b) t = 16.9  











cylinder is at its highest position in Figure 7.11 (c), it appears that the negative vortex from the gap 
side of the bottom cylinder is very weak. The asymmetry of the flow leads to slight deflection of the 
vibration and a mean displacement as shown in Figure 7.4 (c). Same as that for Vr=7, the lift coefficient 
of each cylinder mainly has two frequency component: one is the same as the vibration frequency and 
one is twice the vibration frequency. However, the total lift coefficient has only single frequency 
because the high frequency components of the two cylinders are out of phase with each other. When 
comparing Figure 7.11 (e) and Figure 7.10 (e), it can be seen that the total lift coefficient is in anti-
phase with the displacement at Vr=16, but in phase with the displacement at Vr=7. 
In the flow patterns at G=0.5 in Figure 7.9 to 7.11, two vortices from the two cylinders combine 
immediately before they are shed from the cylinder, forming a large vortex in every half cycle. A 
vortex street with two rows of vortices can be clearly identified. The total lift coefficient CL12 and the 
displacement are correlated well with each other because of the very periodic vortex shedding and well 
defined vortex street in the wake of the two cylinders. 
7.3.2.3 Flow structures for G=1 and 3 
As G is increased to 1, vortex shedding occurs from both cylinders inside the lock-in and 
subharmonic regimes and the strong interaction between vortices makes the vortices dissipate very 
quickly as shown in Figure 7.12 and 7.13, where no street with large scale vortices can be seen in the 
far wake. At G=1, the vortices from the gap sides of the cylinders are strong and they are close to each 
other. The strong interaction between the vortices in opposite directions cancelled out the strength of 
the vortices, leaving very small-scale vortices in the wake of the cylinders. The strong vortex 
interaction also leads to broad banded FFT spectra of lift coefficients in Figure 7.6 and poor correlation 
between the total lift coefficient and the vibration displacement. Biased flow is observed outside the 
high amplitude regime (Vr=16 and 18) at G=1, resulting in vortex shedding similar to that of two 
stationary cylinders.  
When the gap is increased to G=3, the interaction between the vortex shedding from the two 
cylinders becomes weak, and two well defined vortex streets are in the wake of the cylinders al all the 
reduced velocities. Figure 7.14 is the flow pattern for G=3 and Vr=5, the reduced velocity with the 
highest amplitude. Although the gap is big enough to allow two vortex streets to exist as G=3, the 







Figure 7.12 Vorticity contours, time histories and FFT spectra of the displacement and lift coefficient 











































Figure 7.13 Vorticity contours and time histories of displacement and lift force at Vr=10 and G=1 
 
Govardhan and Williamson (2000) reported that at the boundary between the upper branch and 
lower branches, the frequency of the vibration jumps, the vibration amplitude reaches its maximum 
value and the vibration frequency is unstable. Because the interaction between the two cylinder is weak 
at G=3, the upper boundary of the upper branch is similar to that of a single cylinder, which is about 
Vr=5 as shown in Figure 7.4 (a). Fig 7.4 (a) also shows that the vibration frequency changes 
significantly at this boundary reduced velocity. Both the total lift coefficient and the displacement are 







































7.14 (f). To understand the variation of the vibration frequency with time, Figure 7.14 (g) and (h) show 
the wavelet spectra of the displacement and total lift coefficient, respectively. The wavelet spectra are 
presented as contours of the wavelet transform on the t-f plane. It is clear that the vibration frequency 
varies slightly with time and its frequency synchronizes with the frequency of the total lift coefficient 
well. The intermittent change of the vibration frequency at t>40 is evident from the Figure 7.14 (g) 
and (h), indicating that the vibration changes between upper and lower branches intermittently. This is 
also validated from Figure 7.14 (e) where the total lift coefficient and displacement at this reduced 
velocity at t>40 are mostly out-of-phase with each confirming that there is transition of vibration 
response from the upper boundary of upper branch to lower branch. The higher frequency (f2) and 
lower frequency (f1) found in the wavelet spectra agree well with the two peak frequencies in Figure 
7.14 (f).  
 The change of frequency with time is not observed in the numerical simulations of a single 
cylinder.  Based on the above discussion, it can be concluded that the interaction between the vortex 
shedding from two side-by-side cylinders is responsible for intermittent change of the flow between 
the lower and upper branches. The amplitude of lift coefficient also changes significantly when the 
VIV change its mode at t>40. The very different amplitude of the lift coefficients on the two cylinders 
in Figure 7.14 (e) indicate that the VIV modes from the two cylinders are different from each other at 
t=47 to 50. 
7.3.3 Correlation between the vibration displacement and force coefficient 
It has been well known that for VIV of a single cylinder, the lift coefficient and vibration 
displacement are in-phase with each other at small reduced velocities in the upper branch and out of 
phase with each other in the lower branch (Khalak and Williamson, 1999). The change of the phase 
between CL12 and the displacement for the two-cylinder system is very similar to that in a single 
cylinder case. In this study, the phase between the lift coefficient and the displacement is represented 











=      (7.8) 
where, n is the sample number during a time period, k stands for k-th sample, LC  and Y  are the 
standard deviation of the lift coefficient and displacement, respectively. The correlation coefficient 
between two sinusoidal signals is 1 if they are in phase and -1 if they are in antiphase with each other. 
Figure 7.15 shows the correlation coefficient between the lift coefficient and the displacement for 
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G=0.5, 1 and 3, respectively, where R, R1 and R2 stands for the correlation between CL12 and Y, CL1 





Figure 7.14 Vorticity contours, time histories of displacement and lift coefficient, FFT spectra and 






































(g) wavelet transform of displacement (h) wavelet transform of CL12 
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When G=0.5, R is close to 1 until Vr=7, indicating that the correlation between the total lift 
coefficient and the displacement is good. R changes from 1 to values close to -1 as Vr increases from 
7 to 10.  The individual correlation coefficients R1 and R2 are not as close to 1 or -1 as R because of 
the effect of biased gap flow and the higher frequency component in the lift coefficient. R is close to 1 
because of the cancellation of the higher frequency components of the lift coefficients of the two 
cylinders, which are out of phase with each other.  The broad-banded FFT spectra of the lift coefficient 
for G=1 in Figure 7.6 lead to more irregular vibrations than G=0.5 and poorer correlation between the 
lift coefficient and displacement. As G is increased to 3, the correlation between the lift coefficient of 
each individual cylinder is still not good, indicating that the interference between the two cylinders 




Vortex-induced vibration of two rigidly connected side-by-side circular cylinders is simulated at 
gap ratios of 0.5, 1 and 3, a mass ratio of 2 and Re=1000 and a wide range of reduced velocities up to 
Vr=20. Following conclusions are drawn from the study. 
For G=0.5, the range of reduced velocity with high amplitude is much wider than that of a single 
cylinder and the maximum amplitude is about twice that of a single cylinder. A lock-in regime of 
53 r V  and a subharmonic regime are identified for G=0.5. In the lock-in regime, the vibration 
frequency of the cylinder, the frequency of the lift coefficient of each cylinder and the frequency of 
the total lift coefficient are the same. In the subharmonic regime, the vibration frequency synchronizes 
with the dominant frequency of the total lift coefficient, which is half the frequency of the lift 
coefficient of each cylinder. The dominant frequencies of the lift coefficients of the two individual 
cylinders are out of phase with each other in the subharmonic regime. However, the subharmonic 
components are in phase with each other and synchronize with the vibration displacement. The biased 
flow that was found for two stationary side-by-side cylinders does not exist in the lock-in and 
subharmonic regimes. The vibration for G=0.5 becomes asymmetric as G exceeds 16, resulting in a 
net mean position of the cylinder.  
As G=1, the lock-in regime and the subharmonic regime are 43 r V  and 145 r V , 
respectively. The vibration amplitude reduces significantly as 14r V . Strong interaction between the 
vortices generated from the gap sides and outer sides of the two cylinders makes the vibration of the 
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lift coefficient very irregular and poor correlation between the lift coefficient and the displacement. 
The maximum vibration amplitude for G=1 is nearly the same as the one of a single cylinder.  
Outside the lock-in and sub-harmonic regimes, the vibration amplitude is very small and the wake 
flows for G=0.5 and 1 are in biased flow pattern, which is typical flow pattern for flow past stationary 
two side-by-side cylinders at small gaps. The net mean lift coefficient of the biased flow leads to a 
nonzero mean displacement of the cylinder, which increases with increasing reduced velocity. At G=3, 
both the lock-in regime and the vibration amplitude in the lock-in regime are very similar to their 
counterparts of single cylinder case.  
The correlation between the total lift coefficient and the displacement are good at G=0.5 because 
the flow through the gap is too weak to have strong effects on the VIV; good at G=3 because the 
interaction between the two cylinders becomes weak; and not good at G=1 because of the strong 
influence of the gap flow on the VIV. However, the correlation between the lift coefficient of each 
individual cylinder and the displacement are not as good as the total lift coefficient for all the gap 
ratios.  
At G=3, two vortex streets form in the wake of the two cylinders and they interact with each other. 
At G=0.5, one well defined vortex street with two rows of vortices is found in the wake of the cylinders, 
because vortices generated from the gap between the cylinders are weak and the merge into the vortices 
from the sides of the cylinder system. At G=1, vortex shedding occurs from both cylinders and the 
vortices generated from the two cylinders dissipate very quickly due to strong interaction between 













Chapter Eight: Conclusions and future work 
 
8.1 Conclusions 
In this thesis, extensive two- and three-dimensional numerical simulations are conducted to 
expand the current understanding of flow past and flow-induced vibrations of circular cylinders under 
complex flow conditions. In the two-dimensional numerical simulations, the two-dimensional 
Reynolds-Averaged Navier-Stokes (RANS) equations are solved for Reynolds numbers in the 
turbulent flow regime, and the Navier-stokes equations are solved for Reynolds numbers in the laminar 
flow regime. To improve the understanding of the three-dimensionality of the complex flows, three-
dimensional numerical simulations are also performed by solving the 3-D Navier-Stokes equations 
using Petrov-Galerkin finite element method (PG-FEM) for simulating the flow. To simulate vortex-
induced vibration, the position of the cylinder is updated at every time step by solving the vibration 
equation of motion using the fourth-order Runge Kutta method. The Arbitrary Langrangian-Eulerian 
(ALE) scheme is employed to deal with the deformation of the mesh because of the cylinder’s motion.  
In Chapter three, the effect of a plane boundary on vortex-induced vibration of a circular cylinder 
both in transverse and inline direction subject to oscillatory flow at Re=5000 is investigated using two-
dimensional numerical simulations. To achieve this, simulations are performed for KC=5 and 10, gap 
ratio (e/D) of 0.01, 0.4, 1 and ∞ and a range of reduced velocities from 1 to 15. It is found that the 
effect of plane boundary on VIV becomes weaker with increase in the gap ratio (e/D) between the 
cylinder and the plane boundary both for KC=5 and 10. The lock-in regime also widens as KC number 
is increased from 5 to 10.  
In Chapter four, a systematic two-dimensional numerical study to investigate the effect of high-
speed rotation rate inside the secondary instability regime on the vortex-induced vibration of a cylinder 
in transverse direction subject to uniform flow is presented. The results are presented in two parts. In 
the first part, simulations are carried out for α=4.9, 5 and 5.1 and a range of reduced velocity from 2 
to 40. By fixing Vr=25, 29 and 35, simulations are performed for a range of rotation rate from α=0 to 
6 in the second part. The vibration response of the rotating cylinder is classified into different regimes 
both as a function of rotation rate and reduced velocity. In addition to the four distinct VIV regimes, 
combined VIV-Galloping (VG) regime is also observed at higher reduced velocities.   
 To improve the understanding of the three-dimensional wake flow dynamics of rotating cylinders, 
three-dimensional numerical simulations are performed in Chapter Five for a range of high-speed 
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rotation rates from α=0 to 6 and Reynolds number from Re=100 to 500 under uniform flow conditions. 
The results of the study are presented in the form of a map between rotation rate and Reynolds number 
for identifying different flow structures as a function of rotation rate and Reynolds number.  A detailed 
analysis of flow structures reveals that finger-type vortices are observed at low Reynolds number as 
the flow transitions from two- to three-dimensional flow which transforms to ring-shaped vortices at 
higher rotation rates. 
The study on rotating cylinder is further extended in Chapter Six by performing three-dimensional 
numerical investigation of flow-induced vibrations of rotating circular cylinders at Re=500 in 
transverse direction subject to uniform flow. In the first half of the Chapter, 3-D numerical simulations 
are performed for α=0 to 1 and a range of reduced velocities from 1 to 13. There is widening of lock-
in regime as α is increased from 0 to 1. In the second half of the Chapter, simulations are performed at 
Vr=5, 6 and 7 and rotation rate from α≤3.5. It is found the vibration is suppressed when the rotation 
rate is increased beyond a critical value which is dependent on reduced velocity. 
In addition, three-dimensional numerical simulations are carried out at Re=1000 in Chapter Seven 
to investigate the VIV around two circular cylinders in side-by-side arrangement to study the effect of 
gap ratio on the interference between two cylinders. Simulations are performed at three different gaps 
(G) of 0.5, 1 and 3 between the two cylinder and a range of reduced velocities from 1 to 20. It is found 
that there is widening of lock-in regime as the gap (G) between the two cylinders is 0.5 and 1. At G=3, 
the vibration response is similar to that of a single cylinder. 
In practical offshore oil and gas engineering, cylindrical structures such as circular cylinders are 
subject to complex flows at high Reynolds number.  Due to the limitation of computational resources, 
the extensive numerical investigations presented in this thesis are generally at low Reynolds number 
in the laminar flow, transition and lower range of turbulent flow regimes. While the results presented 
in the thesis provide important insight in understanding the fundamental flow physics at the transition 
between laminar and turbulent regime, further investigation needs to be carried out to quantify the 
effects of the Reynolds number on the forces and vibration.  
 
8.2 Future works 
This section of Chapter Eight mainly lists the future work identified while finalizing the scope of 
this thesis which will provide further insight into the dynamics of flow-induced vibrations of complex 
flows. Following are the proposed future works that would improve our understanding of complex 





8.2.1 Experimental investigation of complex flows 
The main focus of this thesis revolves around numerical investigation of complex flows using two- 
and three-dimensional numerical simulations. It was found during the investigation that there are very 
limited experimental studies on flow past high-speed rotating cylinders. In order to bridge the gap 
between numerical and experimental studies, a systematic experimental investigation using water 
flume is necessary to validate the results presented in this thesis and future numerical simulation. The 
experimental investigation need to include VIV of high-speed rotating cylinders in both inline and 
transverse directions. 
 
8.2.1 Oscillatory flow past rotating cylinder 
In practical offshore oil and gas engineering, cylindrical structures are subjected to ocean waves, 
especially in the shallow water region. The wave motion is generally modelled by oscillatory flow 
when hydrodynamics of small-scale cylindrical structures is studied. In addition to the Reynolds 
number, the Keulegan–Carpenter (KC) number affects the flow and the effects of the KC number 
dominate that of the Reynolds number in the turbulent flow regime. The effects of the KC number and 
plane boundary on the vortex-induced vibration of circular cylinder in both cross-flow and inline 
direction are presented in Chapter Three. Whereas, Chapter Four to Six analysed steady flow past 
rotating cylinder both using two- and three-dimensional simulation.  The classification of flow regime 
at different KC and Reynolds numbers have been documented in literature. In the future, we plan to 
conduct a systematic study to investigate oscillatory flow past a rotating circular cylinder to see the 
effect of the rotation rate on existing flow regimes and later expand it to study the vibrations in both 
in transverse and inline direction.  
 
8.2.2 Two-degree-of-freedom vortex-induced vibrations of high-speed rotating cylinder 
Chapter Four to Six analysed steady flow past rotating cylinder both using two- and three-dimensional 
simulations. It was found for a vibrating cylinder in cross-flow direction, the rotation rate significantly 
affects the classification of the flow regimes as a function of the reduced velocity. It will be interesting 
to investigate the effect of high-speed rotation on two-degree-of-freedom vibration in both transverse 
and inline directions. Next, the effect of plane boundary and high-speed rotation of the cylinder will 
be investigated on both non-vibrating and vibrating cylinder. 
 
8.2.3 Effect of rotation on flow past two side-by-side cylinder systems  
Chapter Seven of this thesis provides some insight into flow-induced vibration of two rigidly connected 
side-by-side circular cylinders in the cross-flow direction when subject to a uniform flow. However, 
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the flow around multiple rotating cylinders has not been investigated in literature or in this thesis. In 
the future, we plan to investigate the effect of rotation of the cylinders on gap flow past two side-by-
side cylinders first. This will result in classification of flow regime in the wake of two cylinders both 
as a function of rotation rate and gap between the two cylinders similar to ones found for flow past a 
rotating cylinder in Chapter Five. Later, the effect of rotation rate on flow-induced vibration of two 
side-by-side cylinder systems will be investigated. The study can further be expanded in the future to 
investigate the effect of rotation rate and plane boundary on flow around two-cylinder systems and the 
effect of rotation on flow past two-cylinder systems in tandem arrangement and flow past multiple 
cylinders. The aim of performing systematic study on flow past rotating multiple cylinders is to 
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